Phys 334 - Quantum Mechanics 11

Benjamin Smith*

This is based on a course by Chris O’Donovan (Spring 2005). All errors are the responsibility
of the author.

Contents

(1

Postulates of quantum mechanics|

2 The wave function|

[2.1 Born interpretation of the wave function|
2.2 Probability] . .. ... ... .......
2.3 Normalization| . . . . . . ... ... ...

Time independent Schrodinger equation|

[3.1  The infinite square well| . . . . . .. ..

[4

Algebraic preliminaries|

4.5  Function spaces|. . . . . ... ... ...
4.6 Hilbert spaces|. . . . . ... .......

The quantum oscillator|

b.1  Comparable observables| . . . . . . . ..
5.2 2 dimensional quantum oscillator| . . . .

Time-independent perturbation theory|

[6.1  Degenerate perturbation theory| . . . . .
6.2 Variational principle| . . . . . . . .. ..
6.3 Angular momentum| . . ... ... ...

*Please send any other errors to bh2smith@gmail.com



[7 Quantum mechanics in 3 dimensions| 20

7.1 3 dimensional infinite potential welll . . . . . ... ... 0000000 22
(7.2 Hydrogen atom| . . . . . . . . . .. 23
7.3 SPIN| . . . e e e e 23
7.4 The electron in a magnetic field H=—-B M | ...................... 25
7.5 Addition of angular momentum| . . . . . . .. ... 26
[8  Identical particles and the exchange operator| 27
BITSoldS . . o o o o e e 29
[8.2  Degeneracy pressure] . . . . . . .. .o e e e e e 30




1 Postulates of quantum mechanics

The game of quantum mechanics is played according to the following rules;

1.

Every physically realizable state of a system is described by a state vector |1)) which contains
all accessible physical information about the system in that state.

. If a system is in a quantum state represented by a wave function ¥ the Pdu = |¥|*du is

the probability that in a position measurement at time ¢, the particle will be detected in the
infinitesimal volume element du.

. Every observable is represented by and operator that is used to obtain information about the

observable from state vectors. For an observable that is represented in classical physics by
the function Q(z, p), the corresponding operator is Q(Z, p).

. The time development of the state function of an isolated quantum system is governed by the

time-dependent Schrédinger equation H|i) = ih%hp) where H = T + V is the Hamiltonian
of the system.

2 The wave function

This course will mainly be about the (time-independent) Schrddinger Equation

—h?
2m

V2(E) + V(Z))(F) = By () (1)

and it’s solutions, or approximate solutions. ¢ (Z) here is known as the wave function and is found
by solving Equation which is a wave equation.

Another wave equation is ma = kx which is equivalent to i = —w?x where w? = k/m. This
is the simple harmonic oscillator and has solutions x = Acos(wt + ¢) with A, ¢ constants or
x = Ajcos(wt) + Agsin(wt) with Ay, Ay constant. We note that the constants give boundary
conditions.

In the Schrodinger equation with U(#) = 0 in one-dimension one gets

h

_71/}// _ E¢ PN w// _ —k2¢
2m

with k? = % Recall that A here is Plank’s constant (= 10734).
The equation & = —k2x3 can be solved similarly using Fourier Analysis.

2.1

Born interpretation of the wave function

The Born interpretation is that f; |W(z,t)|2dx is the probability of finding a particle in the interval

[a, b)].

All that quantum mechanics tells us is statistical information. |¥|? is the probability density
and measuring the position of the particle collapses the wave function as we know where it is.



2.2 Probability

Let p(z) be a probability density then [ p(z)dz = 1 which is a “normalization condition” (a
type of boundary condition) We calculate the average position (z) = [ xp(x)dz. Similarly

= Jp 2®p(x)dz and ( = Jp f(
One measures the Wldth of a dlstrlbutlon by standard deviation

ox = V((z = (x))*.

However, in quantum theory we usually work with the variance o2 instead.

2.3 Normalization

If ¢(z) is a solution to Equation then so it Aw(x) for any constant A € C and as we said
fR ||2dx = 1is a boundary condition. This is how normalized distributions can always be achieved.
2.4 Momentum

In quantum mechanics momentum is different from classical mechanics. We can work out (x) =

[ 11(x)|?dz. Then since momentum p = mv = m‘gf so we can guess that

(o) =m2 _ 0 | alvtatyias

ot ot
—m [~ a5t
)
_ % <¢ OV é;i* w) dz, Schrodinger Equation
_ _@ > (w OV ¢8¢*> dz, by parts

:_m/ 2
- (’35 )W (72,

Theorem 2.1 (Ehrenfest’s Theorem).
dp) _ JoV
ot ox

where we note that F = %

2.5 Uncertainty principle

A consistent sinusoidal wave has well defined wave length, but not so well-defined position. If the
wave is given a sudden jolt then position becomes easy to recognize and wavelength is all of a
sudden not so simple to determine.



Debroglies formula states that p = h/la = hk where k = 27w /A. This means that a well-defined
wavelength corresponds to a well-defined momentum.
In fact, position and momentum are conjugate variables and Heisenberg’s Uncertainty principle
states that
AxAp > h/2.

Also,
AEAt > h/2.

3 Time independent Schrodinger equation

If the potential function is time independent then we may separate the spatial and temporal parts
2
of the Schdédinger equation. Introduce that W (z,t) = ¢(z)¢(t). Then, 2 at 1/1‘% and 82\1’ d w¢
Now, imposing Schrédinger’s Equations yields
d¢ h? d*y

il = — 226+ Ve

which is equivalent to
plde B 1%
¢ dt 2m 1 dx?
so now the left hand side depends on ¢ and the right hand side depends on x which implies both
sides are equal to a constant, call it E.
Examining the left hand side; then zhl d¢ = E meaning ¢(t) = e~ Bt/M where we have left out
the constant because it will go into the - part

Examining the right hand side; then

+V

R d%y

— s VU= By (2)

and this is the Time-Independent Schrodinger Equation.

Remark 1. Now, to make a note on normalization;
1. |¢]?> = 1 so we only need to worry about () in normalizing.

2. Expectation values of time independent operators will also be time independent.
@ = [ viQuis= [ wiQuis
R R

Solutions to the time-independent Schrodinger equation are called Stationary states because
they have no time dependence. However, the ¢(t) = e *F4/" will change the phase. Euler’s formula
may be useful (¢? = cosf + isin - proven by Taylor expansion) and the phase will change by
w=E/h.

The time independent Schrodinger equation is a differential equation which we write as H P =
Ey where

- n? d?
2m dx?

is called the Hamiltonian differential operator.



Solutions to are enumerated as H Y By, and the general solution is
t) = cathn(w)e "
n

where ¢, € C are constants. We can write a representation of W as (cj, ca,cs,...). Also

(H) :/wTﬁwda::/wTEwd:c:E/wdex:E
R R R
and )
(H?) = E°
which together imply J?&r = (H?) — (H)? =0.

3.1 The infinite square well

This is defined by having our potential V(z) = 0 on (0, L) and V' (0) = V(L) = co. This means that
¥(0) = 0 = ¢(L) (our boundary conditions) and inside the well, we seek to solve 2 &y — [y

2m dx?

implying that 1" = —k?1) where k = QmE . The solution to this is ¥(z) = Asin(kzm) + Bcos(kz).

Boundary condition 1 implies that B = 0, normalization implies that A = /2, and boundary
condition 2 implies k = nm with n € N. So, n’r? = k? = 2ZE meaning that E, = 272%2 and

Un(x) = \/gsm( ) for each n € N.
Note:

1. If eigenfunction is bounded, we get discrete eigenvalues (that is, quantized energy). Otherwise
they are continuous.

2. The n above is called the quantum number

3. The energies are quantized which means only certain values F,, are allows by Equation
and boundary conditions.

4. The lowest energy state is called the ground state and the next lowest is called the first excited
state, etc.

5. The solutions ), are orthonormal. That is (¢ |1m) = Opm.-

6. Furthermore, the set {1} is complete in the sense that they span the function space.
7. g(x) =3, cny/ 2 sin (“Ex) is a fourier series representation of g(x)

8. If we operate with [ d;vwﬁ;@ on g(z) from above, we find ¢, as follows;

L L L
/ dzapl g(z) = / dzip!, Z cnn = Z cn/ Y} Yndr = cpp.
0 0 - - 0
Notationally we write functions |g) = >, ¢n|tn) and operate with (1| to get
wm‘g Z Cn %bmWJn Z Cn(sm,n =Cm

and so ¢, = (¥n|g).



Proposition 3.1. Properties of bound state solutions;
1. Alternate between odd and even parity - only if V(x) is even (i.e. not semi-infinite)
2. Increasing number of nodes at each increase in energy state
3. Solutions are orthogonal
4. Completeness

We can write H|ih,) = Ey|ty) as well.

4 Algebraic preliminaries

4.1 Linear transformations

Write |a) = ), as|e;) where {|eq),|e2),...} is a basis. A linear transformation T then acts as

Tlo) =Y aiTle)) = ai [ Y Tijles) | = ajles)

where a; = > Ti;a;.
If the basis is orthonormal and Tle;) = 33, Tij|e;) then

(ex|Tle;) ZTu (exles) = Tijoni = Tiy
7

so for an orthonormal basis Tj; = (ek\f’ lej). We will need to write ordered n-tuples as column
vectors

ay
oy e |

n
“

and |o) = Tla) = X2, (X2 Tyjas ) lea) > |

4.2 Matrices

The transpose will be denoted T;; = Tj; and @ = (a1, ...,an). The conjugate (T;;)* = (T37;). The
Hermitian-conjugate TT := T*.

T is symmetric it T = T, antisymmetric if T = —T, real if T* = T, imaginary if T* = —T,
Hermitian if TY = T and skew-Hermitian if Tt = —T.

Inner products will be written as (o, 8) = >, Tb In general, matrix multiplication is not
commutative and we define the commutator

[A,B] = AB — BA.



Note that ST = 7'S and (ST)t = TTSt. The unit matrix (with 1’s on the diagonal) is denoted
by I so that inverses 7T~ = I = T~'T and exists if and only if det T # 0. It is also easy to verify
that (ST)"! =T-15-L

A matrix is unitary if UUT = I and this holds if and only if UT = U~'. The rows and columns
of unitary matrices form an orthonormal set.

If we have two orthonormal bases {|e,,)} and {| f,,)} we can represent one as a linear combination
of the other as |e;) = >_. Sij|f;). This is a linear transformation and so we know the components
of a vector transformation are

a{ = Z Sijaf
J

meaning that a/ = Sa® and we can work out the matrix representing a linear transformation in a
new basis. Let af/ be a vector that has been transformed by 7" in basis e. Then

af = ZTijaf = ZTij (Z(S_l)ijalf> sa” =TS '/
J J

and thus T/ = ST¢S~! (a similarity relation).

One can furthermore show that if both bases e and f are orthonormal, then S is unitary.
Because of this, the determinant and trace of matrix representations for 71" are unchanged by
unitary transform.

4.3 Eigenvalues and eigenvectors

¥ is an eigenvector of T is T = AU and if so, then A here is an eigenvalue. In real vector spaces
there may or may not be eigenvalues, but in complex vector spaces every linear transformation will
have eigenvectors and A may be real or complex depending on T'.

So, we are looking for solutions A, ¥ to the equation (7" — \)¥ = 0. This will have non-trivial
solutions if det(7'— X) = 0 which gives a characteristic polynomial equation having n complex roots
(where n is the dimension of the space) which are all eigenvalues.

Substituting the A;’s and solving for the kernels provides the eigenvectors and if these span the
space, they form a basis. The matrix representing 7" with respect to the basis of its eigenvectors
will be the diagonal D = diag(A1, A2, ..., A,) whose normalized eigenvectors take the form v, =

1 0

0 1
<:>,v2: <:>,etc.

0 0

A matrix T" which cane brought to diagonal form is called diagonalizable and can be constructed
using the normalized eigenvectors as column vector for P so that D = P~!TP.
4.4 Hermitian transformations

Recall the hermitian conjugate TT = T* is given as the conjugate-transpose of a matrix. However,
for more abstract transformations (i.e. not matrices) this is defined as

(T'a|B) = (a|TB) & (T1a)B = ol (TP).

Also note that for a scalar ¢ € C, we have (a|c8) = ¢(|B) and (ca|B) = ¢*(«|pB).
A hermitian operator is one for which 7T = T and these are very important in quantum
mechanics because their eigenvalues and eigenvectors have nice properties.



Proposition 4.1 (Properties of Hermitian operators). Let T' be a Hermitian operator, then

1. Eigenvalues of T are real,
2. The eigenvectors for distinct eigenvalues are orthogonal, and

3. The eigenvectors span the space (i.e. T is diagonalizable).
Proof. 1. T|a) = A|«) implies that
Mala) = (a|Ta) = (T'ala) = (Taja) = A*(a]a)

so to say A = A* and hence A € R.

2. Let T'|a) = Ma) and T'|8) = v|8) with A # . Now, we have

MalB) = M(al) = (TalB) = (T"a|B) = (a|T8) = v{alB)

hence (A — v){a|B) = 0 and equivalently this means («|3) = 0 since X # .

3. If all eigenvalues are distinct then we have n mutually orthogonal eigenvectors and the di-
mension of their span is n. In the cases that there exist duplicate roots in the characteristic
equation, we must show there are m linearly independent vectors corresponding to the m-fold

degenerate eigenvalue (which can be shown by induction).
O

This shows that any hermitian transformation is unitarily diagonalizable (i.e. can be diagonal-
ized by a unitary similarity transformation).

4.5 Function spaces

A function space is an inner product space where vectors are functions and inner products are
integrals. Note that this definition where (f|g) := [ f*gdx satisfies all axioms of a vector space
and inner product space.

All, except for one thing works here; For an inner product to be well-defined, the integral must
exist (i.e. it is necessary that the functions be “square-integrable” = (f|f) < oo) and this turns
out to be sufficient. Thus, we consider the space of square-integrable functions.

Example 4.2. The set of polynomials of degree < n on the interval (—1,1). A basis is |1) =
20,12y = 2!, .. |n) = 2" L.

In a function space we have operators such as %, %, x, 2% and these will behave as linear trans-
formations. The eigenvectors of linear transformations in a function space are called eigenfunctions
and hermitian operators satisfy the usual (f|Tg) = (T f|g) = (T'f|g).

Example 4.3. Is D := —% hermitian?

1pg) = [ 1)~ “8 e = (6] - (Dlg).

In quantum mechanics [f*g¢] is the boundary term which is usually zero. This would imply that D
is skew-hermitian.
Now what about p = ﬁdi‘7

<f‘pg>_/ *;ﬁ%dx:— - — d gdx_ f g] /(?;l];) gdz

so if the boundary term is zero then p is hermitian.




4.6 Hilbert spaces

A prime example of a Hilbert space is the set of all square-integrable functions on a relevant interval
including all square-integrable convergent sequences of functions (e.g. Dirac delta functions).

The state of a quantum system is a vector in a Hilbert space. Its dimension is infinite, how-
ever this can invalidate property 3 of hermitian transformations (that eigenvectors of a hermitian
operator span the space).

Example 4.4. What are the eigenvectors of the operator defined via multiplication by x? That
is, solve xgy(z) = Agx(z). So if g\(x) = ag + a1 + agx?® + - - -, then

z(ag + a1z + agx® +---) = ag + a1z + agx® + - - -

which has no solutions meaning there is no polynomial eigenvector.
Lets try the function gy(z) = Ad(z — N); then xAd(z — X) = Ad(z — N). A
How about p? pfi(x) = Afa(x) means that %d]% = Afy and has solutions f) = Aee,

Note that for z, g, the eigenvalues are continuous and real. The set of all eigenvalues of an
operator is called the spectrum. However, neither of these functions are square-integrable so the
are not strictly part of a Hilbert space, but they are so useful that we normalize them as follows;

(gxlgu) = 6(A — p) where gy(x) = 6(z — \)

(falfu) = 6(X — p) where fy(z) = \/12?61',\3:/;1

SO

<f)\‘fp,> — 2]'/ e—i()\—ﬂ)ﬁ/ﬁdx
™ —0oQ

and we treat these as elements of the Hilbert space.
If we want to represent a state vector in the z-representation (i.e. the eigenvector in terms of

the Z-operator) |a) = 3, ajle;) with a; = (ei|a) = >, a; (eile;) for the finite dimensional space
~——

=5i;
with discrete spectra. In the continuous spectrum we have |a) = [ a,|f,)dp where ay = (fila) =

fau<f>\‘fu>d/i-

So if we have a state vector represented by g(x) then in the Z-representation we have

ar = {oalg(a)) = [ dzdla — Ng(w) = 9V

so g(x) is the z-representation!

In the p-representation we have by = (fi|g(z)) = \/% [ dze?*/hg(x) = G(\/h) where G(\/h)
is the Fourier transformation of g(z). Note that |a) is the state vector and g(x),G(A\/h) are
representations of |a).

5 The quantum oscillator

The hamiltonian for a classical oscillator is

2 k2 2 mwa?

H:T = — _— = —
tv 2m+ 2 2m+ 2

10



So postulate 3 in quantum mechanics is that H = 2”; + %2””2 and the time-independent

Schrodinger equation (with p »—> ) gives the second order linear differential equation

h d? 1
2md$2w( )+ —mw’z*(z) = Ev(x)

1/4
with solutions ¥, (z) = (%) L1 (x/ag)e™*"/290 where ag =

mag 27n!
nomials and n are integers.
The first few Hermite polynomials are

Ho(€) = 1, Hy(€) = 2€, Hy(§) = 46 — 2, H3(€) = 8¢° — 12¢

and the eigenvalues for these solutions are F,, = hw (n + %)

H, (&) are Hermite poly-

mw’

Now, we know the eigenvalues and eigenvectors of H. We can write the T.1.S.E. as H|n) = E,|n)
which is the energy representation. So we will be able to compute quantities (m|zZ|n) or (m|p|n).

We can write
i ﬁ n mw?42 .y <mwi - Zﬁ) ?

2m 2 2mhw

introduce the operators
i mw +ip —
= ————— an e
vV 2mhw 2mhw
and calculate

(mw — ip)(mwi + ip)
2’mhw
~ mPAw?2? + p? — mwi(p — &p)
2mhw
—H 5 5
hw * 2h[ Pl

ATA =

We need to compute the commutator [z, p|f = Zpf — pzf. Using the &-representation;

(2, A1 (0) = o ()~ L (nf (@) = H(af ~ [~ af) =~

i dzr

So, hwATA = H + % (—%) = H - %ﬁw implying that

H = hw(ATA +1/2)

and this is how H is represented in terms of the AT, A operators. These operators, /Al, AT, are not
hermitian, but together (ATA)T = AT(A")T = ATA it is! Furthermore, H|n) = hw(n + 1/2)|n) so
that hw(ATA +1/2)|n) = hw(n + 1/2)|n) if and only if

ATAln) = nln). (3)

Often we write N = ATA and call it the number operator and the eigenvectors of N are the same
as those of H.

Proposition 5.1. Properties of our operators;

11



~

[A, AT =1

2. [H, A = hw At
3. [ATA, A= -A
4. [ATA, Af] = Af
Using this, then

so N(A'n)) = (n + 1)(Af|n)) which, together with equation (3), implies
Afn) = eqln +1).

Similarly, we may show that )
Aln) = dy|n —1)

which means AT|n> and A|n) are also eigenvectors of N (also H) with n increased or decreased by
one. Hence, A and Af are called Ladder operators. More particularly, these are called creation and
annihilation operators respectively.
With this information, we compute the ¢,’s as follows; (An|An) = ¢*cn(n — 1jn — 1) and
equivalently, that is
|dn|? = (n|AT An) = n(n|n) = n = d, = V/n.

Hence, A|n) = /n|n — 1) and similarly Af|n) = v/n + 1|n +1). Now,
A?|n) = vnvn —1|n — 2)

and thats fine but what is |n)?

n = (n|ATAn) = (An|An) >0
so the eigenvalues are real, positive and there can only be a lower limit for 121|n> if n is an integer so
that A|0) = /0| — 1) = 0. Otherwise, the sequence |n), A|n) = Vnln —1), A|n —1)y=+vn—-1n—
2),... would not terminate and would violate (An|An) > 0. Note A|1/2) = | —1/2).
We have H|n) = hw(n+1/2)|n) = E,|n). So the ground state is Ey = +hw and E, = hw(n+1/2)
with |1) = Af|0),|2) = %AT\U and more generally, by induction,

In) = ﬁvﬂ)ﬂoy

Since An) = v/n|n — 1) and Af|n) = v/n'+1|n + 1), then (m|An) = \/n(m|n — 1) = /by 1,
(m|ATn) = n+ T{m|n + 1) = V/n + 10 n+1 and

A mwT — P MW +1ip 2mwz

A+ A = + _
vV 2mhw V2mhw V2mhw

12




implying

h . A ag - .
5 t _ Y 1
z Py (AT + A) —ﬂ(A + A)
Similarly,
mhw o ih A . ih  » .
h=iy| —— (AT - A - A f—A).
p= iy g AT = &) = T [T AT - ) = (AT )

Now we can easily work out
~ a ~ ~
(m]An) = 7%(m[AT + Aln)

_& mAn mAn
—ﬁ(< | Afn) + (m|An))

= \/i( VN + 15m,n+1 + \/ﬁém,n—l)

Finally, we can find the ground state wave vector in the ZL' representation Al0) = 0 so if [0) —
Yo(z) this is (mwi +ip) [0) = 0 which means (because p — 24 and & — ) that

dwoi mws T
(mwx—i—h >¢0()—Oédx—— 5 o = agwo

and finally, implying that the ground state vector in the x-representation is

_ b 4
o (z) o : (4)

3

5.1 Comparable observables

In quantum mechanics when an observation is made of a quantity, then the operator corresponding
to that quantity must be hermitian (so that its expectation value will be real) and the measurement
will result in one of the eigenvalues. If there is a second observable whose operator commutes with
the first then, mathematically, we have C|i,,) = ¢p|th,) and there is B such that [C, B] = 0.

So C(B|in)) = BC|thn) = caBty) and Bli,) is also an eigenvector of C' with eigenvalue c,,.
If ¢, is a non-degenerate eigenvalue then B|iy,) = b,|tb,) and the |i,) are the eigenvalues of B.

If ¢, are degenerate of order o with linear independent eigenvectors |tym ) for r =1,..., ¢,
then (inside the degenerate subspace) since [C’ B] = 0 we have B |thn.r) as an eigenvector of C’ Wlth
eigen value ¢, and so can expand this in terms of the set {|¢,, »)}. That is,

B|wn,r> = Z gn,s ’wn,s>
s=1

and some combination of the |1, ,)’s will be eigenvectors of B with eigenvalues b,. Using this, then

we have N N N N
by, Z dr|wn,r> = B Z dr|¢n,r> = Z dy Z gr,sw)n,s)
r=1 r=1 r=1 s=1
which is

> (bnds > drgrs)ltns) = 0
s=1 r=1

13



and yields a characteristic equation (polynomial of degree o) with roots b%l), bg), e ,bgf‘). These
are the eigenvalues of B within the degeneracy.

Note that {bﬁf’)} may also be degenerate in which case one must find another comparable
observable and do it again. This process can be continued until we have removed all the degeneracy
and have a complete set of comparable observables.

)
eigenvectors of C' which are simultaneous eigenvectors of B. Write |<;S£lk)> = >0 de|tn,) and
notice C’\¢$lk)> => d,«CA’]wnJ) = Cp Yoy dp|ny) = cn\¢$ﬁ)> so the eigenvalue ¢, of C along
with the eigenvalue bgg) of B specify a particular simultaneous eigen vector of both B and C. Often

such a state is written as |n, k) and if another observable was necessary to remove the degeneracy,
we would write something like |n, k, ).

Anyway, for each bfﬁ there will be an eigenvector d, determining the combination of degenerate

5.2 2 dimensional quantum oscillator

The Hamiltonian here is

~D ~D
gy Py Py Lo
A=Fr vy 2
2m  2m + 2 (@ +7)
where [Z, o] = [§, py] = ih and all other commutators are zero. This Hamiltonian is separable; so
set ¥(z,y) = X(z) - Y(y) and solve Hy = E1)p. That is

1 Pl 5., 1 Py 1 5o
L X(z)=E - Py, 2 Y
X(x) <2m TomenE (z) Y(z) \ 2m Tomey )

so that (% + %mw2§:2) X(z) = E,,X(x) which has solutions X (x) = |n,) with E, = hw(n, +
1/2) and similarly Y(y) = |n,) with E, = hw(n, + 1/2). So solutions to the 2 dimensional
quantum oscillator are o (z,y) = |nz) - [ny) with Ey_ ,, = hw(ng +ny + 1) and this system acts as
two independent 1 dimensional oscillators. An interesting difference here is that the system is now
(n + 1)-fold degenerate where n = n, + ny.

Looking at the ladder operators A, = meitie anq Ay = % along with they hermitian

vV 2mhw
conjugates (adjoints), we can write

H =hw(AlLA, + ATA, +1)

with eigenvector |ng,n,) = —— (AI;)"I (AL)"HOO) where |00) is the ground state in number or

energy representation (since H or Nx,Ny have the same eigenvectors). We have ALAx]nz, Ny) =
NN, ny) and Hng,ny) = hw(ng +ny 4+ 1)|ng, ny) with commutators [A,, Al]=1.

To pass between bases set n = n,+n, and £ = ny —n, (so that ny = 3(n+¢) and ny, = 3(n—"1)).
For the (n+1)-fold degeneracy, we require a comparable observable which leads us to examining the
angular momentum L=x p. For the 2 dimensional system this has only one non-zero component

L. =&py — §px

which after simplification becomes zh(/ﬂfly — ALAQ;) Is L, compatible with H? For compatibility,
we require commutativity so check

~

L., H] = ilW[Af A, + AT A, +1,ATA, - AJA,] = 0.

14



We now have two sets of comparable observables {N,, N,} and {H, L.} and we may use either
to completely specify the state of the system with eigenvectors |n.,n,),|00) and/or |n,l),|00)
(depending on choice of representation). Either representation is fine to work with, but the |n, )
is more likely to be measurable.

Qulckly recapplng, for the 1 dimensional oscillator we had |n) which were simultaneous eigen-
vectors of H and N and there was no degeneracy. For the 2 dimensional oscillator the eigenvalues
of H are (n + 1)-fold degenerate. We have found a second observable L, which is compatible with
H so it remains to find a set of simultaneous eigenvectors of both for the purpose of removing the
degeneracy.

Introduce, Aj, = %(Ax +iA,) and A = % (A, —iA,) so that

Al Ap = 5(14;1% +ATA, +i(ALA, — AT A,)
and )
Al AR = §(A* A, + ATA, —i(ALA, - AT A,).

Now H can be represented in terms of these new operators as
H=hw(AL Ay + AL AR +1) = hw(N, + Ng + 1)
and similarly
L, =ih(A} Ay — AL, Ag) = ih(Ny, — Np).
The operators N L, Npg can be used, as before, to create eigenvectors

1
an!nR!

These states are simultaneous eigenvectors of {N R, N T, H , i}Z} where

Ing,ng) = (ADyne (AL)m=|00).

Ni|np,ng) = nr|ng, ng)

) =
Nglnp,ng) = ng|nw, ng)
Hlnp,ng) = hw(ng +ng + 1)|ng, ng)
L.np,ng) = h(ng, — ny)|ng, ng)

however, it is more common to use the eigenvalues of H and L, as quantum numbers so that
H|n,m) = hw(n + 1)[n,m)

L.|n,m) = hm|n,m)

where n = nyp+ngr € Nis the energy and m = nyp —ng with —n < m < n is the angular momentum.

6 Time-independent perturbation theory

We would like to solve the TISE equation for a potential V (z) that is similar to one for which
we already know the exact solution, say Vj(z). Mathematically we have V(x) = Vy(z) + A\V'(x).
This means our Hamiltonian is now

H= p—2+V() <p2+%(x)>+)\V’(a:):H0+)\H'.

2m 2m
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If the solutions to the known problem are H0|¢,(LO)> = E£°)|¢£P)) with (1/)7(,?)|1/)7(10)> = Om.n, then for
the perturbed problem we have

HW}n> - (HO + AHI)WW = En’wn

where
Wn) = [) + M) + X2 [pP) + -
E,=EY + XEM + X’E?) 4 ...

and A is use the count the order of approximation. That is Eél) will be used to count the first order

correction to the n'” energy level and ]1/17(3)> will be the first oder correction to the n'* eigenvector
of H.
Substituting these power series into the above formulation gives

(Hot A ) ([0 M R )+ X2 [0+ ) = (BPHAED A2 B+ ) (W) + A0 (D) + 229 D) +-)
expands (in powers of \) as
A (Howp) + A(Hoy, + Hiwp) + N (Hovy, + H'p) + -+ = A (Epu)) + M Bty + Bnty) + -+
and implies (comparing coefficients) that
Hoyp, = Bty
Hoty, + H'Yy = Bty + By,
and so on for higher orders.

6.0.1 First order correction

Now, taking the inner product of [¢)0) and the \ coefficients yields

(Wnl Hotop) + (Y| H'¢n) = (| Epthn) + (Ul Entin)

which reduces to
Ep(nltn) + (Wa[H'Pn) = Ep(dnlvn) + By (W) |v5)

and hence merely that

E = (3| H'yY) (5)

since <¢,(,g)|¢,(10)> = Omn-
Going back, and rearranging the \-coefficient as (Hp — E9)y) = —(H' — E})92 then expanding
¥l in terms of our basis {0} as
) = > cml|vd,)
m#n
where we have excluded 0 since it already appears in the expansion 1, = ¥0 + Al + ---. These
together imply that

> (Ho— EQ)enlty,) = —(H' = Ep)[Y)).

m#n

16



Taking the inner product of this with (¢?) (with [ # n so not to get equation again) reads

Z Cm(Egn - E?z)(sl,m = —<¢?|H,W2> + E7lz 5l,n
N

m#n -0

and implies that the coefficients are
(m|H'|n)

Note that this holds only in a non degenerate system because of the denominator.

6.0.2 Second order correction

Taking the inner product of (40| with the A? coefficient of our above power series simplifies to yield
E = (| H'YD) — ED (0 [D).

We had that ¢} = > mgn cmY, which implies (¥0]wl) = Zm¢n<¢2|¢9n> =0 and

H H'

So,

[(m|H'|n)|* ’n2

m#n m

6.1 Degenerate perturbation theory

Suppose we now have 2-fold degeneracy and the two degenerate states are |na) and |nb) with
energies E,,. That is, two eigenfunctions |na), |nb) have the same energies so that Ho|na) = E,|na)
and Ho|nb) = E,|nb) where (na|nb) = 0.

The first thing to notice is that any (normalized) combination of these states will also be an
eigenvector for Hy. That is a|na) 4 G|nb) is an eigenvector and having |a|? + |3|> = 1 keeps things
normalized.

With H = Hy + H', the states |na), |nb) will no longer be eigenvectors of H, but to first order,
a linear combination will be. Furthermore they will not longer be degenerate.

Starting with the TISE equation (2) H = |nf) = E,, ¢|nl) where |nf = a|na) + §|nb), make the
following substitutions; H = Hy + H?, Emg =Y 0 NEY and Inl) = 00 N[nl®). Extracting
the A coefficient reads

Ho[ntW) + H' [nt©®)y = EO e 1 ED]ne0)y

and for two new equations, take the inner product of this with |na(?)) and |nb(®)). The first inner
product simplifies to say

(na O |H ne®y = EW (na© ne©)
which, along with the fact that [nl(©) = a|na(®) + B|nb®), gives

aWeaq + Wy, = aELV

17



where W;; := (ni(9|H'nj®)) = <¢Z~(O)’H 1|1/1§0)>. Similarly, from the second inner product, we get
aWhe + BWy, = BED.

This provides us with the matrix equation (I{AV/‘ZZ %‘;Z ) (3)= o) (%) and the new characteristic
polynomial is
(Waa = E)(Way — EV) = [Wa? =0

which implies

Waa W Waa - W 2
Bl =Tty \/ Waa = Ty (8)
where we have declared that
0 0
Wij = (0 1H ) | (9)

The eigenvectors of W determine the linear combinations of degenerate unperturbed system that

are the non-degenerate eigenvectors of the perturbed system. If Wy, = W, = 0 then |na),|nb)

are already the answers we seek and ET(LIZ_L = Wye and Wy, respectively so would be the first order

corrections to the energy.

Theorem 6.1. If |na(A0)) and |nb©)) are degenerate eigenvectors of Hy and B is a hermitian oper-
ator commuting with H' having distinct eigenvalues vy # pu then Wap, = Wie = 0 and |na(?), |nb®)
will be the eigenvectors of Ho + H'.

Proof. Having [B JH 1= 0 and p # 7 compute
0 = (naQ|[B, H]nb®) = (na®|BH nd ) — (na | H' B|nb®))
= (na®|HBlnb ) — pu(na® | nb®)
= v(na®|H'nb ) — p(na® | A nb®)
= (v — ) (naO | H' [nb)
S Wep=0

6.2 Variational principle

The variational principle states that calculating E = (1, |H|t,) with any wave vector, then the
result will be greater than, or equal to the ground state energy. That is The ground state energy
is a lower bound for the entire function space and this can be useful information if we do not know
the ground state.

Proof of this is straight forward if we denote the unknown eigenvectors of H as {1, } and since
they form a complete set, we can write any ¢ = > ¢pt, where 1) is an arbitrary normalized test
function.

Now,

W =D cren(bml Hln) = Y lealEn
m,n m,n
The ground state is the infimum of {E,} so that E; < E,, Vn. Hence,

Ey=Eg» el <Y leal*En = (Y[H1p).

18



If we didn’t know the ground state wave vector for the 1 dimensional simple harmonic oscillator
A(a® —2%),|z| < a

and follow the proceeding
0, else

(which is gaussian) we might guess that ¢(x) = {
four steps;

1. Normalize;

a 16a° 15
/ (" —aT)de 15 1645

2. Compute (1/1!H.|1/1>3

a

2 g2
dx(a® — z?) (hd + 1mw2x2> (a® — z?)

5h2 mw?2a?

&szwzﬁ/

—a

= 4ma? + 14
Shw | R 1 1 mw
- a2 7M [ . 2i|
4 [mw az] 14 h

Note that it is very important to analyze the dimension (units) of this result - and it should
be in energy units.

3. Minimize F, with respect to a;

dr, 5h2 2mwia
da 4ma3 14
vanishes when a* = 2352552 - % ) (%)2

4. Substitue am;, in to E, to get

5 [2 1 /35 1
E, = hl— 4+ /=] =0. ~ hw.
in hw(4 35+14 2) 06hw>2hw

We could have initially guessed that 1(z) = Ae *"/%" (a Gaussian distribution) and gotten

2 2h

Uriin = 1y SO that B, = %hw which is the exact ground state energy because Ae=2°/a% ig the

ground state vector as found in .
We could also guess that ¥ = Zf\il a;; where a; are adjustable parameters and the 1; are

some subset of orthonormal vectors. In this case, we would then compute E,, = (¢;|H|t;) and

Ccllf" =0 foreach:=1,..., N gives N equations in N unknowns.

" Often one may choose a set of functions {¢;} which are already familiar and orthonormal (this
is a key fact) so to calculate (¢;|p|1;) and (;|V]y);).
For example, if V(z) = mT‘L"zx‘L then the {¢;} from the simple harmonic oscillator would be a

good guess to begin with (since easy to compute (13]p|1;) and (1;|zt[1);)).

6.3 Angular momentum

Classically, the angular momentum is
L=7xp=(yp: — 2py)i+ (2pz — xpz)j + (zpy — ypa )k
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h

and in quantum mechanics we set p, = i%. The commutation relations for angular momentum

operators are important so

N R\ ? o d d 0 d o ) ) .
Ly, L, =1|— —— = — —g— | = 2= —x=— — = = ihL,
[ y) <1> [(yaz Z@y) <z6x x&z) (Zﬁx x&z) <y8z z@y)] i

and similarly [ﬁy, f)z] = ihL,, [f)z, f)m] = ihﬁy.

Also, the total angular momentum is L2 = L2 + I:Z + L2 and we can show that [L?, L,] = 0 and
[ﬁ2, f/] = 0. This means, for one, that L? commutes with its components but its components don’t
commute.

Consider the commutator of two operators acting upon an eigenvector of the first. That is
Af, = af, and we seek to compute

[Av B]fa = ABfa - BAfa = (A - a)szz'

If these operators commute (i.e. [fl, 3] = 0), then Bf, is also an eigenvector of A with eigenvalue
a and A, B are called comparable operators. In this case, we can find simultaneous eigenvectors of
both operators.

Since [ﬁQ,ﬁz} = 0 let f be a simultaneous eigenvector of L? and L, with eigenvalues A, 1
respectively. Using a ladder technique similar to the quantum harmonic oscillator we introduce
I:i = I:x + iﬁy. It can be shown that

(i) [L., Li] = +hiy,
(ii) both L. are hermitian and
(iii) they commute with L2.
So, if f is an eigenvector of L? then it is also an eigenvector of both L. Also,
L*(Laf) = La(LPf) = Le(Af) = AL f)
and
L(Lsf) = Loy La)f — Lol f
= +hLyf+plif
= (uth)Lef
which is an eigenvalue equation with eigenvector Ly f and eigenvalue y + . We thus call Ly the
raising and lowering operators respectively since the increase/decrease the eigenvalues.

For a given eigenvalue \ of L2, the operators L increase/ (jecrease the eigenvalues of L., however
there is an upper and lower bound for the eigenvalues of L, (coming from the fact that the z-
component of angular momentum cannot be larger in magnitude than the total). This means there
must be top and bottom rungs. Denote the top eigenvector by fr so we must have L fr = 0. Let

%l denote the maximum eigenvalues of L, so that L. fr = hlfr and, of course, L2fr = Afr.
Through operator composition we obtain the following relation
LiLy = (Ly+iLy) (L, Fil,)
=12+ L2 Fi(L.Ly — LyLy,)
=L+ L2+ L2—L+2*FihL,
ER
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which says that 1?2 = i}if@ + ﬁ§ F hﬁz. Using this relation, then
L2fp = (L_Ly 4 L* 4+ hL,) fr = (04 h20% + B20%) fr = B20(0 + 1) fr

implying that )
A=h(l+1).

Applying the same technique to the bottom rung fp with f/sz = (' fg, we find that \fg =

L?fg = h20'(¢' — 1) fp so that
A=nl'(l'—1).

Equating these two values for A implies (¢ + 1) = ¢/(¢' — 1) means that ¢/ = ¢+ 1 or ¢/ = —(.
The first possibility is not valid because then the bottom rung would be higher than the top, so
0= —.

Thus, the eigenvalues of L, are {—ht, —i({+1),. .., h({—1), h¢} (integer multiples of A running
from —¢ to ¢ in N = 2/-steps. This implies that £ = N/2 so is either an integer or a half integer.
Finally, the eigenfunctions are characterized by £ =0,1/2,1,3/2,... and m = —¢,—¢ +1,... L.

7 Quantum mechanics in 3 dimensions
Here we write our Hamiltonian as
pr+ Py + P2 - h?

+V(r) = —%vz + V() (10)

H=
2m

where we recall that p, = %6%'

Normalization here looks like the 3-dimensional integral

1= farwp = ["an [Ty [T avtenor

however, when the potential is a function of ¥ we would probably rather use spherical coordinates
and the normalization integral looks more like

0o 2 ™
1 :/ dr/ dqs/ dor? sin 0)y(t, ¢, 0)|
0 0 0

Some potential examplesﬂ include

1. V(7) = $kr? = Sk(2? + y* + 22)
oo, r > R

0 R
2. V() = { s (the 3 dimensional infinite square well)

3. V(F) = €2 /r - the potential for a hydrogen-like atom. For other atoms with different number
of protons/neutrons in the nucleus, use V = Ze?/r.

Lpun intended... or is it a double entendre?
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The gradient operator in spherical coordinates looks like

g .10 té 1 0
or r 00 sinf ¢

and ¥ = r - 7 so the angular momentum becomes
- h

Y PN AT RS ) B TS PR P
L—TXp—i[(rxr)ar+r(r><0) +T(rx¢)rsin06¢]_i<80¢ sin98¢0>

Now, with the spherical Laplacian givenE] as

“2oar \" or 2sing o0 \> " 00 r2sin? § O¢?

so the time independent S.E. becomes

h2
(-5 V2 + V() w = B0

which is separable when ¥(r, 6, ¢) = R(r) - Y (0, ¢). Indeed, in this case simplification reveals

1 (0 ,dR\ 2mr? B 1 1 0 (. 0 1 0%
R(r) <87“T dr) T VO =B =555 <smeaa <Sm669> * sin298¢2)

so we set both sides to be equal the constant £(¢ + 1).

7.0.1 Solving for angular component

Upon further separation of variables with Y (6,¢) = ©(0)®(¢) we find the right hand side from

above to be 5 p 23
1 e 1

I U N Dsin2f) = - &%

@ (sm@ag <sm9d0>—|—€(£—|— ) sin 9)— 5(0) o2

and again, we set both sides equal to the constant m?.
One equation is then ®”(¢) = —m2®(¢) and solved by | ®(4) = e~ | We require ¢(7) to be

single—valuedﬁ so m must be an integer. This constant integer m is called the azimuthal quantum
number or magnetic quantum number.
Now, t he ©(0) part of this has associate Legendre functions as solutions. That is,

10(0) = AP} (cos0) |

where P"(z) = (1 — xQ)@ (%)'m| Py(z) and Py(x) are the Legendre polynomial which are or-
thogonal and not normalized on [—1,1].
Note; there are 2¢ 4+ 1 possible values for m then m = —¢,... 0 — 1,/

Putting all of this together yields the angular equation,

20 f— |m)! ,
Y0, 6) —e\/ 4;:1 . EH}mB! =9 P (cos 6) (11)

2This is a long tedious exercise in vector calculus - that deserves its own set of notes
3apparently single-valued implies ®(¢ + 27) = ®(¢) which forces m to be an integer
‘E.g. Po(z) =1,P1(z) =z, Pa(z) = 1(32° — 1), Ps(z) = 1(52° — 3x), ...
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(71)771’ m > 0 . . .
where € = ) 0 and these satisfy the orthonormality constraint that

mmwmoz/mwwwwwﬁzaw%m.

7.0.2 Solving for the radial component

We have (%72%) - 2’;}{2 (V(r)—E)R = £(£+1)R which is simplified by substituting U(r) = rR(r)
so that % =1 (rdU — U) and % (T’Q%) = r2Y which gives us

2 (rae @
_REU L e D gy
2m dr? 2m r2 a
B2l

and, except for the term 5 - == is the 1 dimensional TISE. This is called the radial equation
and the extra term (involving ¢(¢ + 1)) is called the centrifugal term because it pushes the particle
from the origin.

Note; that 0 < r < 0o here.

7.1 3 dimensional infinite potential well

Let us illustrate what we have just shown with an example,

0,r < . . . .
Example 7.1. Suppose V(7) = { " >a . Then inside radius a our radial equation becomes
00,7 > a
Ll+1
U/l:< ( —~2_ )_k2>U
r
where k? = QZZE .

First, when ¢ = 0 this has solution U(r) = Asin(kr) + Bcos(kr), but R = U/r implies the
second term would be M which tends to co as 7 — 0. Since we must be able to normalize these
solutions, this means the constant B = 0 and so R(r) = \/g Smgim) Furthermore, the boundary
condition requires 0 = R(a) = \/g w so we must have ka = nm meaning F, o = ";71222 So,
with ¥y, m = Ry, Y, and YOO = \/% then we have found

" 1 Lrsi (mrr)
= -lrsin( — .
n,0,0 Tma a

The general solution to the infinite potential well is U(r) = Arje(kr) + Brng(kr) where

1.d\"si
je(x) = (—z)* (d> MRT Spherical Bessel function
x dx x
(x) (—z)* 1 d\"cosa Neuman functio
ne(z) = —(—z)" | —— — Neuman function
¢ x dx x
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However, we still require R(r) to be normalizable implying, again, that B = 0 and energies FE,, ¢
are given by the zeroﬂ of the jy(ka). Finally, then the wave functions are

|TL, Ea m> - An,f : jf(k[r) : }/Em(ea ¢)

withn e NZe€ {0,1,...,n—1},m € [-£,{]NZ.

7.2 Hydrogen atom

We seek to solve the radial equation for the potential V (7= —ZT‘ZQ (or 4756207“)' That is
h? d*U Ze?  R? 4l +1
—— _7_|_7.(7+2) U=EU
2m dr r 2m r
Upon solving this, the eigenvalues are found to be E,, = % for n € N.
We introduce the constant ag = n’z—; ~ 0.529 x 10~ 1%n the Bohr radius so then E,, = —mc? (22‘2)2
where a = %QC R ﬁ is the fine structure constant.

Coming back to the potential for the radial equation, we get

— 2 2 (n—é—l)' —r/na 2r ‘ 20+1 m
In, £, m) = \/() ECETEE e <m> LI Y0, 0)

na

where Lf_ (z) = (=1)? (%)qu(x) and Ly(z) = €® (i)q (e=*x9) is the ¢'* Leguerre polynomial.

dx
Furthermore, as usual, we have (n, £, m|n', ', m') = 8, /0000y and Ey, = Ey /2 = —1:;1#‘

In summary, then we hav
ﬁ]n,é, m) = —mc? (%)2 |n, £, m)
L2n, 0,m) = B20(0 + 1)|n, £, m)
L.|n,¢,m) = hm|n, £, m)

and {fI L2, f/z} form a complete set of commuting observables. Sometimes, when examining only
the angular momentum we use |¢,m) instead of |n, ¢, m).

7.3 Spin

Elementary particles such as electrons, protons, neutrons, photons, gravitons, gluons, etc... have
properties such as mass and charge which are characteristic intrinsic properties. Another such
property is spin which is defined as an intrinsic angular momentum.

For the hydrogen atom, the electron will have both orbital angular momentum

(L*) = K*0(¢ +1),(L,) = hm

and spin angular momentum R R
(8%) = h?s(s + 1), (S,) = hm.

The theory of spin is very similar to that of angular momentum. We have the following analogous
operators and relations;

which are not regular periodic spaces like our trig function sin(ka) = 0
Swith ¢ - the speed of light, Z - the charge of the nucleus and mc? - rest energy of an electron
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e [S.,5,] =ihS,

S’Z]s,ms) = hmsl|s, ms)

S2|s,mg) = h2s(s +1)|s, ms)

o Sy =8,+1iS,

SO

Sils,mg) = hy/s(s+ 1) —m(m £ 1)|s,ms + 1).

Now, unlike the orbital angular momentum operator which can only yield integers because the wave
function must be single valued, the spin quantum number can also take on half integers s € %N .

Now we may classify particles into those with integral spin (called bosons) and those with half
integer spin (called fermions).

The solutions for spin 1/2 are as follows; s = 1/2 implying that ms = +1/2, 5’2|1/2,m5> =
3h2|1/2,m,) and S.11/2,ms) = hmg|1/2,ms). If we suppose that ms = 1/2 then S;[1/2,1/2) =
h\/%(l/Q +1) - 1(1/2+1)[1/2,1/2+ 1) = 0 and S_[1/2,1/2) = £i[1/2,~1/2).

Note that the possible states are represented in the following ways;

i |1/27 1/2>7 | T>7Up7((1)) » X+
d ’1/27 _1/2>7 ‘ \L>7d0wn7 ((1]) s X—

Furthermore, we can deduce some facts about the matrix representations of our operators

SZT:%hQT G2 3.9 10
SQ\L:%hQi =5 <—>ih (01)
SZT:%hT & 1 10

SZ\L:—%FL\L é52<—>2h(0—1)

The general spin state is |x) = D v ates @nlXn) = a T +b]. That is x = (§) with |a]? +[b]* = 1.
To measure S, and S, we need to get their matrix representations. Recall that S, = %(SJr +

S) = B94) and S, = Q%(SUF -S5)= 2(9%5). So then Sux = B(}). Thus, the eigenvalues of

% (%) and x_ = L (_11) and hence, in this basis, a

S’x are clearly :l:% with eigenvectors x4+ = 7

general y = () = aT—H)XJr + GT_be-

It will be convent to introduce the Pauli spin matrices

_(ory (o =\ __ (10
%=1 0) "\ o) 7\ 1

2

y = 02 = I and commutators look like [0, 0] =

and & = (0,0y,0,). We first notice that o2 = o
210,.
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7.4 The electron in a magnetic field H=-B-M

The electron is both charged and has angular momentum, so it will have a magnetic moment.
Classically, we have M = %S—" where § = 7 x p. However, with a relativistic equation (Dirac) we
get M = 22—7%5" and in quantum electrodynamics M = g%g where g = 2 (1 +o-t ) with a = %i
as the fine structure constant.

introduce the Bohr magnetron pup = % ~ 9.27 x 10724J/T so that M = %g,uBE with & as the
Pauli spin vector. If there exists an external magnetic field then the Hamiltonian gains the term
H =-B- M.

There are two state vectors for an electron and these are y+ so we can compute the possible
energies; R L

X+ H|x+) = =(x+|B - M|x+)

choose B parallel to k sothat B=B -k and H = —%guBBaz. Now,

~ 1 1
Ot [HIx+) = —59upB (10) (§9) ()= ~59npB = E.

Similarly,

X 1
E = (x-|H|x-) = 29uBB

and from this we can see that Fy = —F).
The time-dependent Schrodinger equation for the general spin state x = a4 + bx— is then

which, according to our eigen decomposition of H, has solutions
X(t) — aX_}_efiE'Tt/h + bX_eiEﬁ/h

and it is convenient to write a = cos(«/2),b = sin(«/2) so that, in vector form,

() = (cos(a/Q)e_iETt/h> |

sin(a/2)etPut/h
Now we may compute (S) as a function of time

(S2) = (X(8)] Sz /x(8))

, ) . h(0 1\ (cos(a/2)eiErt/h
cos(ar/2)e Pt/ sin(a/2)e” P 2 (1 0> (Sin((a//Z))e"Eit/h )

|
—

h . .

=3 cos(a/2) sin(a/2) (e’(ETfEUt/h + eZ(EWET)t/h>
h Ey—-F

= Zsina [2 coS (Thﬁ)]

_n in QMBBL‘ _n in (wrt)

= o sinacos - = 5 sinacos (wr

where wy, := % is called the Larmour frequency.
Similarly, (S,) = —Isinasin(wrt) and (S.) = B cosa and we note that (S.) has no time

dependence.
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7.5 Addition of angular momentum

If we have two different spin 1/2 particles (i.e. an electron and a proton) theAn ther(i: are 4 possible
states [1,1), |1, 1), 4, 1), |1, 1) and the total angular momentum will be § = §(1) 4 §(2),
Compute,

Solxaixz) = (89 + 5@ x1xa)
= (S xa))x2) + [x1)(S:x2))
= fimg, [x1x2) + I, | x1X2)
= M(ms, +ms,)|x1X2)

and the possible results are

1) = ms =1
It) = ms =0
1) = ms =0
) = ms=—1

but wait! Aren’t we supposed to have m = —s, ..., +s in integer steps? Let us try operating with
the lower operator S_ = S 4 53 on |11). We find that

S_11) = §<m> + 1)

and again

S + 1) = 2.

Thus, these states [11), [11), [11), [L]) are eigenstates of (5(1))2, (§(2))2, 5™ and A,§2), but we want
those of S, = S 4 62 and §2 = (81 4 522,

7.5.1 Tensor products

The state |p) ® |¢)) = |¢1) is defined as an element of a new Hilbert space with inner product
specified as

((P1] @ (Y1) - (I92) @ [¥2)) = (D1]d2) - (th1|eh2)
so that normalizing gives vectors |1,1) = [11),]1,0) = %(H@ + 1), |1, —1) = |[{{) which evidently

have total angular momentum s = 1 (called triplet states) and |0,0) = %(\T@ —|41)) with s =0
called singlet state.

Thus, we claim that two spin 1/2 particles carry a total spin of 1 or 0 depending on whether they
occupy the singlet or triplet state. To prove this, we must show that triplet states are eigenvectors
of §2 with eigenvalue 72 and that the single state is an eigenvector with eigenvalue 0. Indeed,
S21M1) = h22|H) = B2 - 1- (14 1)) and this is verified as follows;

First notice that S2 = (S1+ 82)% = 5'% + 5’22 + 28, - Sy and that
91 . gg = Sl,mSQ,x + 51,y52,y + 51,252,2
1
=3 (S1,482,— + S1,-52,4+) + 51,.5,..
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Now,

A A - 1
SPH1) = |57+ S5 + 5 (Su482- + 51,-Sa4) + Sl,zsz,z] 1)

= (ST @1+ 1® (531) +2(8:1) ® (S:1) + (T)° @ (S_1) + (S-1) © (ST)°
_ 3.9 3.2 1.
= TR + SR + 2- 2
= 21°|11)
as required. The same calculation can be performed for the other claimed triple and singlet states.

Example 7.2. For two particles with spin 1 and 1/2 we get 6 possible states; These are beginning
with [3/2,3/2) = [1,1) ® |1/2,1/2) and each of |3/2,1/2),|3/2,—1/2),|3/2,—3/2) are achieved by
successively applying the lowing operator to the first. Finally, we can also achieve a total spin
of 1/2 in this system when the particles are aligned anti-parallel to each other. This gives states
[1/2,1/2) and |1/2,—1/2).

These ideas lead to the Clebsch-Gordon coefficient tables which will not be defined in great
detail except to say that they can be use to solve the following exercise;

As an exercise, suppose we are given two particles with (s1,s2) = (1,1/2) so that total angular
momentum is either s = 3/2 or 1/2 since s € {s1 + s2,51 + s2 — 1,...,|s1 — s2|} so that m €
{-3/2,-1/2,1/2,3/2}. Show that

13/2,1/2) >®|1/2,—1/2>—|—\/?1,0)@1/2,1/2).

1
= 1,1
7

These Clebsch-Gordon coefficient tables can be used the other way to show that

1,—1)®[1/2,1/2) = \%\3/2, _1/2) - \/2\1/2, _1/2).

8 Identical particles and the exchange operator

If we had two identical particles at positions 7 and 7% the the TISE will be H)(ry,79) = Etp(r1,72).
Since the particle are identical, then the energy will be degenerate with the state ¥ (rq,r2). That is
to say lﬁlw(rg, r1) = E(rg,r1). We can guess that the good states will be the even and odd linear
combinations of these and the operator with distinct eigenvalues will be the exchange operator Pjo
which essentially permutes 1 <> 2. Clearly P? = 1 has eigenvalues +1 and if two particles are
identical then H must treat 1(r1,rs) the same as 1) (ry, 1) so to say [H,P] = 0. Hence, we can
find a complete set of functions which are simultaneous eigenstates of both.

The +1 eigenstates 1(r1,r2) +1(r2, 1) are called symmetric and the other is the anti-symmetric
wave function.A general function can be expressed as a combination of the symmetric and anti-
symmetric parts.

The Pauli exclusion principle and the vague allusion to quantum statistics suggests that bosons
have symmetric wave functions and fermions are anti-symmetric. This is due to the claim that two
identical fermions cannot occupy the same space, whereas bosons can... I do not understand this
and encourage the reader to investigate this in much greater detail.

Thus we examine three cases of identical particles
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1. Distinguishable particles 1(r1,r2) = 1q(r1)vp(r2)
2. identical bosons (symmetric) v (ry,r2) = %[wa(n)wb(m) + o (r2) U (r1)]

3. identical fermions (anti-symmetric) ¥ (r,r2) = %[wa(rl)wb(m) — o (r2)1p(r1)]

We compute probability densities as follows;

Y(r1,m2)[? = [Ya(r) e (ra) |?

for distinguishable particles and

(1, 72)

1
= 5 (Walr) P (ra)® + [a(r2) s () £ alro) s (r2)l (ra) ] (r1) & L)l (ra)a(r)in(r1))
in 2 and 3. We will see the consequences of this are non-intuitive and there is no classical analogue
to identical particles.

We compute ((r1 — r2)2) = (](r1 — r2)2l) = (1) + (ra) — 2(rura);
Distinguishable;

(3) = [[drs [ drartivatra) Puntra) P
— / Balr) P24 (ra)dr - / n(ra)dry
—_—

=1

= (1)ua

and similarly, (r3) = (r3),, and (rira) = (r1),,(r2)y, S0

((r = 72)%) = (M) aq + (73) 1y — 2(r1) 40 (r2) -

Indistinguishable;

0t =g | [anrtionoR [ dnfvutra)? + [ drsdiostr - [ arln(r)?

i/drlr%wl(h)wb(n)-/drzwl(rz)%(rz)i/dm“%wz(n)wa(n)-/drzwl(m)wb(rg)

-~

=0 =0

=3 (1) aa + (D))

Similarly, we find (r2) = 1 ((T§>aa + <T§>bb) and

(1) aa(r2)pp + (1200 (15 £ (1) 0p(r2)pa £ (r2)ap(r1)pa)
= (Mo (M) £ 1(r) o

3
1
(rir2) = 5

meaning that

<(T1 - 7"2)2> = <T2>aa + <T2>bb o 2<T>aa<r>bb + 2|<r>ab|2'
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This result is nearly identical to the distinguishable particle case except for the term F2|(r) ,|*
so let us examine this carefully;

)= [ drilryrontr

and this is called the overlap or exchange integral. This is only important if particles are close enough
to each other that their wave function overlaps. The effect of this term is to make ((r; —72)?) smaller
for bosons and bigger for fermions which is sometimes attributed to a non-existent exzchange force
because it is soley a consequence of the statistics.

There is, of course, one more twist.. spin. That is, the overall state vector, rather than just the
spatial part, must be either symmetric or anti-symmetric.

8.1 Solids

|n>—\/§' n
= ESIHKZU
2

For the 3 dimensional infinite square well we get

Mgy My, M) = <i>3/2 sin (nwgrx> sin (nygry> sin <$>

by ignoring the coloumb potential and this is called the free electron model (a.k.a the Sommerfield
model). Here, we have

For the 1 dimensional infinite square well we have
. . _ h2k2 o
with energies E;,, = 5> where k = “F.

2

h 2 2 2 h2
E:E$+Ey+EZ:7(kx+ky+kz):7

e
2m 2m

where k = %(nx,ny,nz).

Examining the grid formed in k-space, the volume of each allowed poin is (%)3 = 7. Suppose
now that our sample contains N atoms where each atom has ¢ electrons (so that N will be the
order of Avagadro’s number if we have a very small sample) If the electrons were bosons they would
all settle down to the ground statei;i1, but in reality electrons are fermions subject to the Pauli
exclusion principle meaning that only 2 of them can occupy any given state. They will fill up one
octant of the sphere in k-space whose radius is Ky which is determined by the fact that every pair

of electrons requires 72 /V amount of volume. Hence,

1/4 Nq =3 3mNg\ V3
s(57d) =5 Tor= (M) =

where p = % is the charge density.

The boundary separating occupied and unoccupied states in k-space is called the fermi-surface
and the corresponding energy is the fermi-energy

2172 2
_ K% h

Eo— _ " a2 12/3
F 2m 2m(37r )

Twut?
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which evaluates to ~ 10*k for a typical metal.
Now, the total energy of the electron gas can be computed as follows;
A shell of thickness dK contained a volume %(4mK?)dK so that

fermi-level

Eior = Z

Nz ,MNy,MNz

and this summation more concretely expressed as the sum over all integers |ng|, |ny|, |n.| < Ky
such that 7,/n2 +n2 4+ n? < K; and this summation is approximately expressed as the integral

Ky . K3V h2(37r2Nq)5/3
/ dKB(F) = ——4— =~ 4
0 10m2m  10m2mV?%/

8.2 Degeneracy pressure

We would like to compute the total energy of a fermi-gas by noting that a shell (in k-space) of

k2

thickness dk has a volume %47T]€2dk' = ”Tkzdk. This implies that it contains 2 x ?ﬂ?,dk fermions with
a
energy F = % so the energy of these is dF = % . X—kadk and the total energy becomes

K2 Ky K2 2N 5/3
WV gz = 2V (37 Na
2m Jo 1072m V
and this is interesting if we look at % =-2 Ef]"t = —P (the pressure). This implies that
(372)2/3 12 /5
m

and this is called degeneracy pressure.
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