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1 Bernoulli Polynomials

The following three rules uniquely specify a sequence, B, (t), of polynomials.
1. Bo(t) - 1,
2. By(t) = kBy_1(t) for k > 1 (.e. By(t) = [, By_1(x)dz + By(0)), and
3. fo By (t)dt =0 for k > 1.

Proposition 1.1. For k > 0

Biyi(t+1) — Brya(t)

=tk
k+1

Proof. By induction on k. When k = 0, we have By (t+1)— By (t) = t+1+1—(t+1) = 1 = {°.
Suppose now that the result holds for some k£ > 0 so that Benn D) =B ®) _ 4k Now,

R+
Biio(t+1) — Brio(t)  k+2 /t“ /t By12(0) — Byy2(0)
= B dv — | B d
k+ 2 k+2 |/, e (@)de o era(w)de) + k+ 2
1 t+1 t
= / By (x)dx +/ Biyi(x)dx — / By (x)dx
0 1 0
—_—
=0
t t
= / By (u+ 1)du — / Bii1(z)dx
0 0
t
— [ B+ 1) - Ba(w) du
0
t
= / (k + Dufdu = t*!
0
as claimed. ]

Note that

Zlk Z |:Bk+1 { + Bk+1<2):| — 1 (B]H_l(N + 1) o Bk+1(1))

k+1 kE+1

We use Big-Oh notation to simplify by approximating upper bounds (this is less precise
than asymptotic). We say that f is asymptotically equivalent to g as x — a if lim,_,, % =1
(denoted by f ~ g). Big-Oh notation is used as x — 0o and we say f(z) = O(g(x)) if there
exists xg such that |f(x)| < cg(z) for some constant ¢ and for all x > zg. Also f(z) is O(g(x)

as x — a if |f(z)| < cg(z) for some ¢ fore all x € B.(a).

1.1 Euler-Maclaurin summation formula

is a method to approximate sums involving integers.



For instance, one may ask how well does the integral fab g(x)dz approximate Zsza 119(n)?
First notice that, assuming ¢’ exists and is continuous on [m,m + 1],

glm+1)= /m+ g(t)dt + /m+ (t —m)g'(t)dt.

m m

Indeed, integrating the second term by parts gives,

m+1

m+1 m+1
/ (t =m)g'(t)dt = [(t —m)g(t)]"" — / 1-g(t)dt = g(m+1) - / g(t)dt.

m m m

Here, for t € [m,m + 1] then ¢ — m is the fractional part of ¢. This is also found using the
floor function |¢] which is the largest integer less than ¢ so that the fractional part of ¢ is
given by {t} =t — [t]. Hence, we may alternatively express the above as

gm+1) = /m+ g(t)dt + /m+ {t}q'(t)dt.

m m

Now, adding these up gives

> glm) = [ g+ [ {1yg 0

where a,b € Z,a < b and assuming that ¢’ exists and is continuous on [a, b].
Further,

b b b m+1 b
[ o+ [y = [owar s [T g [ e - 120

m

= [ gt + 3lo0) ~ g + [ Bilteng o)

and subtracting 1/2 makes By ({t}) smaller.
The above is called a first order Euler-Maclaurin approzimation. Now consider

b

[ mtingoa= [ mgas [ Bimgoas o+ [ ido

a +1 b—1

whose typical term, via integration by parts, is

m—+1 1 1 1 m—+1
[ B @t = ;5 Bl —mig @~ 5 [ Bale — mig 0y
— 5 [Ba(1)g/(m + 1) = BaOg )] 5 [ Bale =m0
= B22<0) [ (m+1)—g¢'(m)] — % " By(t —m)g" (t)dt



since Bi(1) = By(0) for all k& > 2. Now, inductively we can state the k'™ order Euler-
Maclaurin approzimation as follows; Let a,b € Z with ¢ < b and g : R — R so that ¢*®

exists and is continuous on [a, b]. Then

° b (=1)B, . A VK1
Z g(m) = / g(t)dt + Z %[9(1—1)@) _ g(z—l)(a)] + ( 2 *
m=a+1 a i=1

[ Bt a

1.2 Applications of Euler-Maclaurin approximation

Proposition 1.2 (Stirling’s formula for n!).

n n
n! ~ (—) 2mn.
e

Proof. We have that logn! =" _ logm =" _,logm which, by first order E-M approxi-

mation is
. " 1 " —1/2
Zlogm:/ log(t)dt+—[logn—log1]+/ {M
m=2 1 2 1 ¢
1 " —1/2
:[tlogt—t]?—i—ﬁ-i-/ Mdt
t}—1/2
—nlogn—n+1+ / {th /dt
so that

HW.

&

"ty —1/2
logn!—(nlogn—n+1+%logn):1+/ %dt =" constant + O(1/n).
1

Hence, in the limit,

lim [logn' —nlogn—n+1+1 logn] =}

n—oo

. . . . | .
and the exponential of this is limy, oo Sregrmnrzees = C- That is

I n_ ¢
lim
or that n! ~ (2)" \/n - C.

The constant C here is called Fuler’s constant and is discussed next.




1.3 Euler’s constant

Consider the sum Y " _, % which diverges as N — oo, but how quickly? Writing 1 +
Zﬁzz 1/m so not to integrate near zero. Then

N N N
dt 11 1 {t} —1/2
1+Y 1/m=1 R e [ O e A
< {t}—1/2 < {t}—1/2
S o EST P R

Examining the bracketed terms one finds that floo {1;};_21/2

[° &dt and, furthermore, that | [ {t};l/Zdt’ < 1 [y #dt = O(1/n). Hence then, the above

evaluates as

is constant by comparison with

log N + 1+ —C+O(1/N) =log N + v+ O(1/N)
where v = 0.5772... is Fuler’s constant.

Exercise 1.3. Prove that

1.
1 = sin(2mm +1) —1 = e2mimt
Bt = -12=-23 == =00 o
m=1 m#0
for t ¢ 7Z and
2. 627rimt
Bi({t}) = —k! Z (@rim)F
m7#0
fort e R k> 2.

By ({t}) is continuous and even at t € Z. By(1) = By(0), plugging in t = 0, let k = 2k
with ko > 1. Now Ba(0) = (=2k0)! o0 . o Grpmoymome 80

=1 (—1)ko+1(27)2ko 1
= —Boy, (0) |.
mzlm%o (2ko)! 2 2k (0)
For example, if kg = 1 this is
1 (2n)?1
W = ol 532(0) = WQBQ(O) = 7T2/6
m=1
and if kg = 2 we have
=1 B m
“—m* 90



2 Divisibility and primes

For integers a,b € 7Z, then a is said to be divide b if b = ma for some m € Z. This is also
written as a|b. Note that 0|0 and 4|0 but 0 does not divide 4.
Some properties of divisibility are as follows; for a, b, c € Z

1. If a|b and b|c then a|c (this is transitivity)
2. If alb and b|c then albx + cy for all x,y € Z
3. If alb and b|a then a = £b

4. if a|b and b # 0 then |a| < |b|

An integer p € 7Z is said to be prime if its only positive divisors are 1 and p. Otherwise,
p is said to be composite.

Lemma 2.1. Any integer n > 1 is either prime, or a product of primes.

Proof. By induction on n, this is true for n = 2 which is prime. Now assuming the result
holds for all integers up to n — 1 and consider n. If n is prime, we are done. Otherwise n is
not prime so there exists a positive divisor say a # 1. Now n = ab for some b € Z and we
have that both 1 < a,b < n. Now, by induction hypothesis, a and b are either prime or can
be expressed as a product of primes. Thus, n can be expressed as a product of primes. [

Theorem 2.2. There are infinitely many primes.

Proof. Let 2,3,5,7,--- ,p be a list of primes < p. Consider N := (2-3-5---p)+ 1. If 2
divides N then 2|N — (2-3-5---p) = 1 which is not true. So 2 fN Likewise, 3,5,7,--- ,p
do not divide N. Our lemma implies that either IV is prime or can be written as a product
of primes, so there must be another prime in our list and this can always be done so there
are infinitely many primes. O]

2.1 Unique factorization

Lemma 2.3. Let m € Z be > 2. Assume that m is uniquely expressible as a product of
primes. If p|m with p prime, then p must appear in the factorization of m.

Proof. Let plm so that m = p - b for some b € Z. b is either prime, or expressible as a
product of primes say b = ¢ - - - qx with each ¢; prime. So now m = pq,qs - - - qx is a unique
factorization of m into primes which includes p. O]

Corollary 2.4. If m > 2 is uniquely expressible as a product of primes with plm and p'|m
(p #7'), then pp’ must appear in the factorization of m.

Theorem 2.5 (Unique factorization of integers). Everyn € Z (n > 2) is uniquely expressible
as a product of primes.



Proof. By induction; this hold for n = 2 which is prime. Now assuming the result holds
for all numbers up to n — 1 and consider the n'* case. Assume that n has two distinct
factorizations say n = py---pr = pj---pj, where all the p;,p} are prime and none of the
primes on the left occur on the right (if so we could cancel). Without loss of generality
p1 <p2 <. <ppand p) <--- < pp,. We can assume n is composite since if it were prime,
it would already be uniquely factorized. So both k,ky > 2 and p?,p? < n. Also assume
without loss of generality that p; < p| so py <p| — 1.

Now, pipy < (p) — 1)p} = p? — p} < n —2 and hence 2 < n — p;p} < n. by induction
hypothesis n — p;p) is uniquely factorable and p;|n so p1|n — pip|. Also then p)|n — p1p} so
our corollary (along with divisibility properties) implies that p;p}|n meaning that n = p;p|b
for some b € Z. Let b = ¢ - - - q; (be a product of primes) and now n = pips - - - pr. = p1Piq1- @
allowing us to cancel p; and have two distinct factorizations of n/p; < n (contradicting the
induction hypothesis). ]

2.2 Application of unique factorization

Let d(n) denote the number of divisors of n (positive). If n = pi* - - p* then
dn) =(aq+ 1) (o +1).

Now let o(n) denote the sum of the positive divisors of n. Then

k o
o -T1(320). 0
i=1 \j=0

A map f:Z-o — Cis said to be multiplicative if f(ab) = f(a)f(b) whenever ged(a,b) =
1. Note that both d(n) and o(n) are multiplicative.

Indeed, let n = [[F, p*,m = [[._, ¢ be such that ged(m,n) = 1. Then

k

o(nm) = o (Hp?i HQ) =11 (ZPSJ) 11 (Z qu> = o(n)o(m).

=1 j= b=

Observe that this does not hold when ged(m,n) # 1 (e.g. 0(25) # o(5)o(5)).
A perfect number n is a positive integer whose proper divisors sum to itself (i.e. o(n) =
2n). The first two perfect numbers are 6 and 28.

Theorem 2.6. 1. Euclid proved that if n = 2*"'p with k > 2 and p = 2¥ — 1 is prime,
then n is perfect.

2. Euler proved that if n is even and perfect then it is of the form 25 'p with p = 2% — 1
prime.

Proof. 1. Let n = 2¥"1p with p an odd prime of the form 2¥ — 1. Then

o(n) = (2 o(p) = (1424 + 2 (1+p)

2k_1 k k k
=S (1+2" = 1) = (2" - 1)2" = 2n




2. Let n be even and perfect (so that n = 2™ -ng with ng odd and m > 1). Consider now,
o(n) =o(2™)o(ng) = (2™ = Do(ng) = 2(2™ - ng) = 2"+ 'ng

since n is perfect. 2™ — 1 is odd so by unique factorization theorem, 2™ (2m+1 —
1)o(ng) which implies 2™ |g(ng). Thus o(ng) = 2™ s for some s € Z so (2™ —
1)2mtls = 2m*lpg and hence s|ng. Simplifying the previous equation says 2™ ls =
no + s and we know o(ng) = 2™"'s which suggestsﬂ that n has two divisors. Hence n
is prime and s = 1. Hence ny = 2™ — 1 (prime) and this verifies our claim.

O

Primes of the form 2% — 1 are called Mersenne primes however not all numbers of this
form are prime. In fact, it remains an unsolved problem to verify whether or not there are
infinitely many Mersenne primes (there probably are). Furthermore, none knows if there are
any odd perfect numbers (probably not).

Theorem 2.7 (Division/Euclidean algorithm). Let a,b € Z with b > 0, then there exist
unique integers q,r with 0 < r < b such that a = qb+ .

Proof. Let S = {a—kb: k € Z}y and T = {m € S : m > 0}. Observe first that T is
non empty because a — kb > 0 whenever k£ < a/b so infinitely many k£ work. Now, T is
comprised of non-negative integers and any non-empty set of non-negative integers has a
minimal element (this is by the well-ordering principal which is equivalent to the axiom of
choice). Let r be the minimal element in 7" and ¢ the corresponding k. By these means, we
have that a —gb = r with r > 0. We seek to show that r < b, so assume for the moment that
r > b. If this were the case, then r —b=a—(¢+ 1)b >0andisin Ssoa—(¢+1)b) € T
and is smaller than r (contradicting minimality of 7).

We have non shown existence of ¢ and r but remain to verify the uniqueness. For
this, suppose that a = ¢1b + r; = @b + r9 with both 0 < r{,;7, < b. Equivalently, then
0= (q1 — q2)b+ (11 — re) which implies (g2 — ¢1)b = (r1 —r2) and hence b|(ry —r2). However,
—b< —1r9 <1ry—1ry <ry <bsory —ry =0 which implies 1 = r and ¢; = ¢» hence,
uniqueness. O

Let a,b € Z, an integer c is called a common divisor of a and b if both c|a and ¢|b. Define
the ged(a,b) to be the greatest common divisor of a and b

2.3 Euclidean Algorithm

This algorithm is used to find the greatest common divisor of two integers and is essentially a
repeated division algorithm until the remainder is zero. We claim that remainders are strictly
decreasing, non-negative and hence must reach 0. Furthermore, the ged(a, b) is preserved on
every line.

Indeed, let d = ged(a, b) so that d|a,b hence dla — gb = r so that d is a common divisor
of both b and r. To see that it is furthermore the greatest common divisor of b and r, let ¢
be any other common divisor and show ¢ < d. We have ¢|b and ¢|r so ¢|¢gb + r = a, hence ¢
is a common divisor of b and a so is < d.

Lalthough T think this should be verified



Lemma 2.8. If d = gcd(a,b) then there exist x,y € Z such that d = ax + by (and any
multiple of d).

This follows from back substitution of the Euclidean algorithm

Example 2.9. Let a = 527,b = 153. Then

227 = 3 - 153 + 68
153 =2-68+ 17
68 =4-1740

so ged(a, b) = 17 and applying this algorithm backwards, we get
17=153—-2-68 = 1563 — 2(527 — 3-153) = 7- 153 — 2 - 527.
Theorem 2.10. Let a,b,c € Z and assume that albc but ged(a,b) = 1. Then alc

Proof. ged(a,b) = 1 implies that there exist x,y € 7Z such that ax + by = 1. Multiplying
this by ¢ gives acx 4+ bcy = ¢. Now alac and a|bc (by assumption) so alacz + bcy = ¢ as
required. O

Corollary 2.11. Let p be prime b,c € Z and let plbc. If p Ab then plc. Furthermore, if
plb1bo B — 3 -+ - by then p|b; for some i.

Proof. 1f p /|b then ged(p,b) = 1 and this is precisely the conditions required from the
previous theorem. O

With these results, one may provide an inductive proof of the unique factorization the-
orem as follows; Suppose n > 2 has two distinct factorizations p; - - - pp = p - pj. We have
piln = py---p) so then p|p; for some j. This implies py = p; so they may be canceled.
Repeating this indefinitely one finds that all of the prime factors of n coincide and we are
done.

One may apply unique factorization to give Euler’s proof that there are infinitely many
primes. Let s > 1 and consider

1 1 1 1 1
=14+ —+—+-=[[(1+=+5+).
n_lns 9s 3s v ps p2s

o0

By unique factorization, every n € N appears exactly once and his series is absolutely
convergent since s > 0 so rearranging sums is valid. Hence,

Z H(1+ +—+ ) Hﬁ

Now, Euler substitutes the value s = 1 so that the left hand side diverges (as the Harmonic
series), so the right hand side must have infinitely many factors (in order to diverge).

How many primes are there? Let m(x) denote the number of primes < x. For example,
7(108) = 78498.

Gauss conjectured that at x, the average gap size between primes is approximately log x.
That is to say the den81ty of primes near x is di

, so Gauss conjectured that 7(x) ~ [, =

1
logz ogx 2 logt

so that () ~ = This was proven in 1896.

log

9



2.4 Riemann Hypothesis

—_ 1/21 -t 1 )
/logt+0 og ) l()ggg—l—(’?(ﬁogx)

To demonstrate an example, we have 7(10'3) = 346, 065, 536, 839 and 101515 = 108971.

2.5 Congruences

Let a,b,m € Z with m > 1. we say that a is congruent to b modulo m (i.e. a =b mod m)
if m|a — b. Note that a = b mod m if and only if they both have the same remainder when
divided by m. Indeed, let a = km +r and b = Im + s with 0 < r,s < m. If r = s then
mla—b= (k—10)m and if mla —b = (k —1)m + (r — s) then also m|r —ssor—s=c-m
for some integer ¢, but the constraint that 0 < r, s < m implies c =0 so r = s.

Note that the only possible remainders modulo m are 0,1,2,...,m—1 and these integers
form a complete set of residues (i.e. any integer is congruent to exactly one of these (modulo
m).

Lemma 2.12. Congruence is an equivalence relation (i.e. 1. a =a modm 2. ifa =b
mod m then b=a mod m and 3. ifa =b mod m and b =c mod m then a = ¢ mod m).

Proof. We only prove 3. If a = b mod m and b = ¢ mod m then m|a — ¢ and m|b — ¢ so
mla —b+b— c¢=a— c as required. ]

Lemma 2.13. Leta =d modm and b =V modm then a+b = a + 1V mod m and
ab=d'!/ mod m.

Proof. This is trivial from definition (i.e. tautological). O

The addition rule for congruence classes holds and includes subtraction. What about
division? We check if ca = ¢b mod m then m|c(a — b) and if ged(c, m) = 1 then m|a — b so
a = b mod m. However, if ged(c,m) # 1 then we may not have division.

For example, 3-1=3-3 mod 6 but 1 3 mod 6.

2.6 Application of arithmetic in congruence classes

How can one tell if an integer is divisible by 97 Write n = Z]kvzo ay, - 10F with each a; €
{0,...,9}. Now, since 10 =1 mod 9 then n = Zgzo ar mod 9. Hence,

N
9|n if and only if 9| Zak.

k=0

10



2.7 Inverses modulo m

Let m € Z, m > 1. An element a € Z is said to have an inverse modulo m if there exists
b € Z such that a-b=1 mod m. If such a b exists, it is denoted by a~!.

Lemma 2.14. a is invertible modulo m if and only if ged(a, m) = 1.

Proof. 1f a is invertible mod m then there exists b € Z such that ab =1 mod m so that
m|ab — 1 meaning ab — 1 = km for some k € Z. Let d = ged(a, m) so d|a and d|m hence
dlab — km =1. Thus d = 1.

Conversely, if ged(a, m) = 1 so there exists z,y € Z such that az+my = 1 (by Euclidean
algorithm) so ax — 1 = my which means m|az — 1 and thus az =1 mod m. O

Example 2.15. Find 207! mod 93. Applying the Euclidean algorithm;

93=4-20+13
20=1-13+4+7
13=1-74+6
7T=1-6+1
=6-140
Now, back substitution gives
1=7—-1-6
=7-(13=-7)
=2-7—13
=2(20—-13) —13

=2(20) —3-13
= 2(20) — 3(93 — 4 - 20)
= 14(20) — 3(93)

so 2071 = 14.

Another further application of this allows us to solve linear congruences modulo m. For
example, solve 20z = 7 mod 93. Multiplying by 207! = 14 gives x = 14 -7 = 5 mod 93.
Note that az = b mod m is called a linear congruence.

alternative proof for inverses; Let ged(a,m) = 1. and consider the set of integers 0 - a,1 -
a,...,(m — 1) -a. These are all distinct modulo m so one of them must be congruent
to 1 modulo m. Indeed, for two to be equal (mod m) then bja = bsa mod m so that
m|a(by — by), but ged(a,m) = 1 so m|b; — by which means by = by mod m. However,
—(m —1) <b; — by < m — 1 which implies b; = bs. O

Example 2.16. Let m = 12 and a = 5 so that ged(a,m) = 1. Consider the set 0 -
5,1cot5,...,12-5 which is 0, 5,10, 3,8,1,6,11,4,9,2,7 and we find that 57! = 5.

11



Theorem 2.17 (Fermat’s little theorem). Let p be prime and a € Z such that p does not
divide a. Then a?~' =1 mod p. Also a? = a mod p even if p does divide a.

Proof. Consider the set 1-a,2-a,...,(p — 1) - a which are all distinct modulo p. Also,
none are congruent to zero. This is because p|b - a implies p|b since p does not divide a
and 1 < b < p — 1 which implies p does not divide b so p can’t divide ba. So a?~'(1-2 -
3---(p—1)=1-2-3---(p—1)) mod p. This implies that p|(a?~*)(1-2-3---(p—1)), but
ged(p,1-2-3---(p—1))) =1 s0 pla*~ — 1 as required. O

2.8 Euler’s generalization of FLT
Let ¢(m) denote the number of integers 0 < ¢ < m such that ged(c, m) = 1.

Example 2.18. ¢(12) = 4 and ¢(15) = 8 having coprime ¢’s {1,5,7,11} for 12 and
{1,2,4,7,8,11,13, 14} for 15.

An integer ¢ = gm + r with 0 < r < m has ged(c,m) = 1 if and only if ged(r,m) = 1.
This says that the remainder specifies whether a number has a common factor with m or
not. Let ci,ca,. .., com) be distinct integers satisfying that 0 < ¢; < m with ged(c;, m) = 1.
Let ged(a,m) = 1 and consider the collection acy, acy, ..., ac,(m). These are all distinct
modulo m and furthermore ged(ac;,m) = 1 so the product [[ac; = [[¢; mod m which
means (again) that m|(a®™ — 1)]c;, but the ged([Jc;,m) = 1 so in fact m|a¥™ — 1.
Hence, a*™ =1 mod m.

Theorem 2.19 (Euler’s generalization of FLT). Let a,m € Z with m > 1 and ged(a,m) = 1.
Then a®™ =1 mod m where ¢(m) = {0 < c < m : ged(e,m) = 1}.

Example 2.20. If m = 15 and a = 4 then
(1-4)(2-4)(4-4)(7-4)(8-4)(11-4)(13-4)(14-4)=1-2-4-7-8-11-13-14 mod 15
=1 mod 15
Some formulas for the Euler-phi function are given as follows
Proposition 2.21. 1. Ifp is prime, then p(p) =p — 1.
2. If p is prime and o € N then o(p*) = p® — p*~' = p*(1 — 1/p).
3. Let p,q be distinct primes, then p(pq) =pqg—p—q+ 1.
4. Let a,b be coprime integers, then p(ab) = p(a)p(b).

proof (of 4.) First by illustration when a = 6,b = 5 write all of the numbers from 0 to

ab—1 =29 in a block as
12 18 24

13 19 25
14 20 26
15 21 27
16 22 28
17 23 29

T W N = O
— =
T ©w o

12



and notice that 6 divides the first row, 2 divides the third, 3 divides the fourth and 2 divides
the fifth. So only the second and sixth rows are any good. This means, if 0 < m < 29 then
20 are immediately pulled out as having ged(m, 30) = 1. Looking at the remaining two rows
modulo b = 5. Row 2 becomes 1,2,3,4,0 and of these five p(5) = 4 work. The sixth row
becomes 0,1,2,3,4 and again ¢(5) = 4 work. We now have 2 = ¢(a) rows each providing
4 = p(5) valid m's.

To generalize the above illustration, write

0 a 20 --- (b—1)a
1 a+1 :
2
a—1 2a—1 --- b—1)a+a—1
—ab-1

Recall that if m = ga+r with 0 < 7 < m then ged(a, m) = ged(a,r). Our goal is to pick out
the m’s in 0 < m < ab such that ged(m, ab) = 1 which holds if and only if both ged(m,a) = 1
and ged(m, b) = 1. This says, that we may restrict ourselves to ¢(a) rows beginning with r
such that ged(r,a) = 1. Next take a given row r,a +r,2a +r,...,(b— 1)a + r. Modulo b,
this row forms a complete set of residues. So of these, exactly ¢(b) are coprime with b. All
together this is

p(ab) = p(a) - p(b)
~~ ~~
valid rows valid number per row
m
Making use of all of the above properties, then with n = p{* - - pp*
k k
p(n) =[] e =0 —1/p) =n-T[1-1/p).
i=1 i=1 p|n
Proposition 2.22.
D p(d)=n
dln
Proof. Making use of Equation ({1,
k
> e(d) = [T+ em) +9)* + -+ o (p)™)
dn i=1
k
=10+ = 1)+ il = 1) o 0 i = 1)
i=1
k o1 k
SR R |
i=1 pi = i=1
[

13



2.9 Chinese remainder theorem

Theorem 2.23 (Chinese remainder theorem). Let a,b € Z both > 1 and gcd(a,b) = 1. Given
a, B € Z we can find an integer x such that * =« mod a and x = mod b. Furthermore,
the solution is unique if we restrict x to be 0 < x < ab. In other words, two simultaneous
congruences x =« mod a and x = [ mod b are equivalent to a single congruence modulo

ab.

This theorem allows us to simplify the above prove that ged(a,b) = 1 implies ¢(ab)
w(a)p(b). Indeed, Let m = mod a and m = ry mod b with 0 < r; < a and 0 < 1y
b. Now gcd(m,ab) = 1 if and only if both ged(m,a) = ged(m,r) = 1 and ged(m, b)
ged(re,b) = 1 of which there are p(a) and ¢(b) possibilities respectively. By the Chinese
Remainder Theorem (CRT), each pair (r1,rs) provides a unique 0 < m < ab satisfying the
conditions m = r; mod a and m = ry mod b. Thus there are all together ¢(a)p(b) pairs
so demonstrating our claimed result.

A

Theorem 2.24 (Wilson’s Theorem). Let p be prime, then (p — 1) = —1 mod p.

Proof. Matching up inverse pairs 1,2,3,4,...,(p — 1) are all invertible modulo p since non
share common factors with p. Most of them are not equal to their own inverseﬂ Hence then,
by matching inverse pairs,

p—-Dl=1-(p—1)=(p-1) mod p.

3 Polynomial Congruences

Theorem 3.1 (Lagrange’s Theorem). Let p be prime, n € Z non negative and a; € Z with
a, Z0 mod p. Then the polynomial equation

™ + ap12" P+ -+ ax+ap=0 mod p
has at most n solutions modulo p.

Proof. By induction on n; This holds for n = 0 since ag = 0 has no solutions. Furthermore,
this is true when n = 1 since a1x + ag = 0 mod p has one solution z = al_lao mod p.

For the inductive step, the slick way is to use long division to pull out a linear factor for
each root. Either a,2" 4+ a,_12" ' 4---+ax+a9 =0 mod p has a root or not. If not, then
zero roots is less than n as claimed. If there is a root, say x, then the difference between our
original equation from the and the same one with x; substituted for x is a, (2" — z7) +-- -+
ai(x — x1) = 0 which factors as (z — 1) - g(r) = 0 mod p where g has integer coefficients
and degg = n — 1. Now, p|(x — x1) - g(x) which implies p|(z1) or g(z) (since p is prime).
Hence, by induction hypothesis there are at most one plus n — 1 solutions modulo p. O

Example 3.2. 1. 2 —2 =0 mod 3 has 3 solutions z = 0,1,2 mod 3.

for this, one requires a®> =1 mod p = pla® — 1= (a +1)(a — 1) so that a = +1 mod p
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2. 224+ 1=0 mod 3 has 1 solution modulo 3 and that is z =2 mod 3.
3. A counter example in the case that p is not prime; 22 — 1 = 0 mod 8 has 4(> 2)

solutions. These are x = 1,3,5,7 mod 8.

3.1 Primitive roots and Quadratic residues

Let m € Z be positive and a € Z such that ged(a,m) = 1. The order of a modulo m is the
smallest possible integer [ such that ' =1 mod m.

Theorem 3.3 (Euler’s Theorem). If gcd(a,m) = 1 then a?™ =1 mod m which implies
that the order of a is < @(m).

Example 3.4. m = 11 and ¢(m) = 10.

Observe that 1'=1 mod 11 6°=1 mod 11
210 =1 mod 11 7% =1 mod 11
3> =1 mod 11 81 =1 mod 11
45 =1 mod 11 9° =1 mod 11
5 =1 mod 11 102 =1 mod 11

and these exponents are all divisors of ¢(m) = 10.

Proof. Let ged(a,m) = 1 and suppose [ is the order of a. We have a'! = 1 mod m, but
a’ #1 mod m for all 0 < i < [. We wish to show that l|p(m). Let ¢(m) = gl + r with
0 < r < [ and show that » = 0. By Euler’s Theorem, a?™ = 1 mod m meaning that
a"=1-a"= (a)?-a" = a™" = a¥™ = 1. Thus, as already noted, we must have r = 0 so
that [|p(m) as required. O

Furthermore, if a is known to have order [ modulo m (and ged(a,m) = 1) then a* = 1
mod m if and only if [ divides k. This holds for the same reason as the previous result.

Lemma 3.5. Let j be a positive integer. If a has order , then a’ has order 1/ ged(l, 7).

Proof. Order of a’ is the smallest integer k such that a’* = (a?)* =1 mod m, hence if and
only if [|jk. Let d = ged(j,1) so that j = djp and [ = dly with ged(jo,lo) = 1. Now [|jk
implies dly|djok or, equivalently, ly|jok meaning jok = aly and so k = a—i” But £ is an integer
so we must have that jo|aly which means jolow. Thus, the smallest positive k has o = jo
which implies k = lp = [/d as claimed. O

An integer a € Z is said to be a primitive root modulo mif its order equals ¢(m). Not all
moduli have primitive roots (e.g. m = 8 since 12 =3 =52 =72 =1 mod 8 and ¢(8) = 4).

We claim that m has a primitive root if and only if m = 2,4, p® or 2p® where p is any
odd prime and o > 1. We shall demonstrate only that primes have primitive roots. For
example, when p = 11, the primitive roots are 2, 6, 7 and 8.
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We have see that if @ has order [ modulo p, then [|p(p) =p — 1. Let f,(I) = #{1l <a <
p—1:a"' =1 mod p} and notice that Z”p_l f»(l) = p — 1 which counts the number of a’s
according to their order.

We claim that

L. If llp — 1 then f(I) < ¢(l), and

2. claim 1 implies f(1) = ¢(I).

To show the second, assume that f(I) < ¢(l) so that

p=1=)Y_ <> pl)=p-1

llp—1 llp—1

Now, for the first claim, either f(I) = 0 or not, if f(I) = 0 then f(I) < (). If f(I) #0
then there is at least one a with 1 < a < p — 1 with order [ and o/ # 1 mod p for all
j €{1,2,...,1 —1}. Now consider the equation ' — 1 =0 mod p. a is a solution to this
equation and so are a?,a?, ..., a' since (a/)! —1 = (a')? —1 =0 mod p. Since a has order I,
all of these a’’s are distinct modulo p so we have found all solutions to this degree [ equation
(Lagrange’s Theorem). Our goal then is to determine f(I) (i.e. how many elements have
order [).

Check how many of a,a? a®,...,a" have order I. If a has order [, then o’ has order
[/ ged(4,1) implying that ¢(l) of the j’s satisfy ged(j,{) = 1. Thus, if f(I) # 0 then f(I) =
©(l). In particular, the number of primitive roots modulo p is precisely p(p — 1).

Let g be a primitive root modulo p; then g, g%, g3, ..., g?~! are congruent to 1,2,3,...,p—1
mod p only they re in some strange order.

Note that the primitive roots modulo 11 are 2,6,7,8 and there are p(10) = ¢(2) - p(5) =
(2—1)(5—1) = 4 of them. So2,22,23,...,29 210 equal to 2,4,8,5,10,9,7, 3, 6, 1 respectively.

3

3.2 k' power residues

An integer a is said to be a k™ power residue modulo p if there exists some integer z € Z
such that 2% = @ mod p. Otherwise, a is a k' power non-residue mod p. Note that we do
not consider a =0 mod p.

Example 3.6. The quadratic residues modulo 11 are found from the following table;

12 22|32 |42 52| 6% | 72 [ 8| 9%]10°
1495|3356 ]9]4]1

Hence 1, 3,4,5,9 are quadratic residues.

In terms of our primitive root, ¢ = 2, all quadratic residues are of the form ¢*™ with
m=1,2,3,4,5.

Let g be a primitive root modulo p and rewrite ¥ = ¢ mod p in terms of g as follows;
a=g* and x = g* for some a, A € {1,2,...,p — 1}. The congruence then becomes (¢*)* =
glal mod p which is equivalent to Ak = a mod p — 1 which can be solved if and only if
ged(k,p — 1) divides a.
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Note that axr = b mod m has solutions if and only if ged(a,m)|b. Indeed, let d =
ged(a,m) and if d|b then the original equation is equivalent to (a/d)x = b/d mod m/d. A
solution to this equation (modulo m/d) gives rise to d solutions modulo m of the original
equation. We have then solutions above if and only if ged(k,p — 1)|a. If so, then there
are d solutions modulo p — 1 to our equation. 2?> = a mod 11 if and only if A -2 = «
mod 11 — 1 = 10. ged(2, 10 = 2 which implies 2|a for 1 < a < 10 so 10/2 = 5 of the a’s are
quadratic residues.

Let p be a prime and g a primitive root modulo p. You can write any 1 < a < p—1
as a = g* mod p;, for some 1 < a < p — 1. This « is called the index of a relative to the
primitive root g (mod p). « is uniquely specified if we restrict it to 1 < o < p—1 as powers
of g (mod p) repeat every p — 1 (since g has order p — 1). Now, ¢ = ¢ mod p which is
equivalent to o' = m(p —1) + « which implies @’ = @ mod p—1. Indeed, &/ = m(p—1)+«
implies g@ = gmP-Dte = (gp=1)™ . g* = g mod p. Conversely, if o’ = m(p — 1) + r with
1 <r <p-—1 (where r = 0 is not important. then g% = gmP=D+" = (gp=1ym . g7 = 4"
mod p. If ¢® = ¢ mod phtne ¢" = ¢g* so that r = o because the powers of g do not repeat
with the constraint 1 <r,a <p—1.

Example 3.7. g = 3 is a primitive root mod 7.

337 |3%]33°|3°
326451

The primitive roots mod 11 are 2,6, 7,8 powers of 2 are

2‘22‘23‘24‘25‘26‘27‘28‘29‘210‘211‘212
24|85 ]10]9|7[3]6]1]2]4

The a’s which are quadratic residues modulo 11 are 1,3,4,5,9. If you didn’t know about
primitive roots then you could square all of the integers mod 11.

If 22 = a mod p then (p — z)? = (—x)? = 2% = a mod p. So quadratic residues, if any

always occur in pairs x and p — x.

Example 3.8. Cubic residue modulo 11. 23 = @ mod 11 in terms of primitive root g. Let
z = ¢" and a = ¢* then ¢* = ¢ mod p means that 3\ = a mod p— 1. Here p = 11 so we
want 3A = a mod 10. ged(3,10) = 1 and 1|« for all & = 1,2,...,10. Hence all such « are
cubic residues mod 11.

Check;

z |
*]

1 3 7 8 9 10
1 ) 2

2 5 6

x 8 4 7 6 3 10
Lets now take a look at 5" power residues mod 11. Again, we seek to solve 5\ = «
mod 10. ged(5,10) = 5 so we must have 5|a meaning that o = 5 or 10. Examining powers

of g = 2, which are




and our theory suggests that only 2° = 10 mod 11 and 2° = 1 mod 11 can be solved
while all other 2° = @ mod 11 can not be solved.
Checking this,

z |

z° |

1 2 3 45 6 7 8 9 10
1 10 1 1 1 10 10 10 1 10

3.3 Quadratic residues

Let p be an odd prime. How many of 1 < a < p — 1 are quadratic residues? We have seen
that ged(2, p—1) = 2 which implies there are p%l quadratic residues. We also saw that these
quadratic residues come in pairs. x,p — x.

For p = 11, all quadratic residues appear once as an 2% with 1 < z < ’%1.

Proposition 3.9. 1. The product of 2 quadratic residues mod p is a quadratic residue,
2. The product of two quadratic non-residues mod p s a quadratic residue, and

3. The product of a quadratic non-residue with a quadratic residue is a quadratic non-
restdue mod p.

Proof. Write everything in terms of a primitive root, Let a = ¢g®,b = ¢° so that a - b = g®*#
and this result becomes equivalent to parity of the sum of two integers. O

Definition 3.10 (Legendre Symbol). Let p be prime and a € Z. Define the Legendre Symbol
as

+1, if a is a quadratic residue mod p
a
(}—?) = (alp) = ¢ —1, if a is a quadratic non-residue mod p

0,ifa=0 modp
Example 3.11. Let p = 5, then

a [001 2 3 4
(¢)jo 1 -1 -1 1

If we write a = g where g is a primitive root mod p, then a is a quadratic residue if and
only if « is even. So (for a Z 0 mod p) we have

()

The above proposition then boils down to say, when a = g%, b = ¢°,

(5)-cor-cror-(0)-)

and this identity extends even when one of a or b is 0 mod p.

Question: When is -1 a quadratic residue modulo p? That is to ask, for which p does
22 = —1 mod p have solutions?

Answer: Assuming p is odd then there are solutions if an only if p = 4k + 1 for some k € Z.

This proof makes use of Fuler’s criterion which we must first discuss.
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Lemma 3.12 (Euler’s criterion).

(E) =4"7 mod D.
p

Before this is proven, we remark that the beauty of this formula is that it does not require
primitive roots, however it is practically limited.

Proof. First observe that p — 1 is even (since p is odd). Now, if a Z 0 mod p then a?~! =1
mod p (Fermat’s Little Theorem). That is, (a s 1)( o +1) =0 mod p (this only hold
because p-1 is even). Hence we must have that pla 5 :i: 1 so to say a%l = £1 mod p.
Now, either a is a quadratic residue, or it is not. If it is, then a = ¢g“ for some even «, say
a = 2aq so that ap%l = ¢g®@-1) = 1% =1 mod p. Hence, in this case (%) =1= ap%l
mod p.

—1 p—1 p—1

p—1 p—1
Otherwise, then a = ¢ with o odd, say o = 2a9+1. So, a 2 = g*®=1.g = =g 2 =
p—1
+1 mod p (from above). However g 2 % 1 mod p since g has order p — 1. Therefore,
pfl

g 2 =—1 mod p. O

Note that if a = a’ mod p then (%) = (%)

Question: Suppose a is fixed and we vary p. How does the Legendre symbol depend on p?

Partial answer: (%) is determined according to p ( mod |4al). We will see that

(—1)_ liff p=4k+1
p ) |-lifp=4k+3

<2>_ 1, ifp=8k+1or8+7
p) |-1,ifp=8k+3or8k+5

For example, (12—1) = —1land 11 =8(1) + 3.

Also,

The first formula here is a simple extension of Euler’s formula; (%) = ( —1)107_1

A method to the madness of quadratic residues,

Lemma 3.13 (Gauss’ Lemma). Let a # mod p. Consider a,2a,3a, ..., (’%1) a with p an
odd prime. Reduce them all modulo p so the lie in the interval (0,p). Some will be big (i.e.
> p/2) and some will be small (i.e. < p/2). For the big ones, subtract another multiple of
p, so that ia = r; mod p with each —p/2 < r; < p/2 for all i.

For example, if p = 11 and a = 3 we consider 3,2 -3,3-3,4-3,5-3 = 3,6,9,1,4 =
3,—5,—-2,1,4.

Let v represent the number of negative r;’s resulting from this procedure (so in our ezample
v =2). Then, Gauss’ Lemma states that



Observe that the r;’s are just the numbers 1,2, .. ., p%l, but with each having a signature.
So
(1-3)(2-3)(3-3)(4-3)(5-3) = (—1)*(1-2-3-4-5) mod 11

which is equivalent to
3 =(~1)* mod 11

(2) a% mod p
p

Now Euler’s formula is

S0,
3
(ﬁ) =3"=(-1)>=1 mod 11.
Let i -a = r; mod p with —p/2 < r; < p/2 for each i = 1,...,1%1. We claim that
Ir1], |72, .., |re=1| are the numbers 1,2,3, ..., ’%1 in some weird order. If the claim is true
2
then

p—1

p—1
2 2
Hz’-a = (—1)”Hz’ mod p
i=1 i=1
Now, since ged(r;, p) = 1 for each i, we may cancel the r;’s on either side, so this is equivalent
to
az = (-1 mod p.

V)
—_

That is (%) = (—1)”. So it remains to prove that r; # +r; for 1 < i < j < Z=. By
-1

construction we have —p/2 < r; < p/2 which implies also that —’%1 < r; < 5= and since
r; 20 mod p because a -7 % 0 mod p.

We now have two cases;
1. a-i=a-j mod p means that pla(i — j) so p|i — j and hence i = j mod p and finally
then ¢ = j.
2. r; = —r; mod p implies pli + 7, but3§i+j§’%1+p%l <psoi=j.

S

3.4 Applications of Gauss’ Lemma

Suppose a = —1, then a,2a, ..., p%la is —1,-2,-3,..., (—l)p%l. Notice that they already
fall in our interval (—p/2,p/2) so there is no need to further reduce. They are also all
negative so v = 22, Hence,

2
1 - Lp=dk+1
<_) —(—nE={r *
D —1,p=4k+3
As a second application, suppose a = 2 and p is an odd prime. Then 2,2-2,3-2, ..., ’%1 .
2 = p—1. All of these lie in the interval (0, p) so roughly 1/2 of them are too big. Let us be
more specific,

We must now count the even number 2z for which p/2 < 2z < p. That is how many
integers x satisfy p/4 < x < p/27 This depends on p modulo 8. Suppose p = 8k + r where
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r=135o0r7 Nowp/d <z <p/2e22k+r/d<az<4k+r/2. We are really only
concerned with the parity of v which is equivalent to the number of integers x satistying
r/d<x<r/2;
When r = 1 there are no integers in the interval (1/4,1/2) so v is even.
When r = 3 there is one integer in the interval (3/4,3/2) so v is odd.
When r = 5 there is one integer in the interval (5/4,5/2).
When r = 7 there are two integers in (7/4,7/2).
Therefore,

p) ) =1,ifp=8k+3or8k+5

(g) {1, if p=8k-+1or8k+7

3.5 Quadratic reciprocity
Theorem 3.14 (Quadratic Reciprocity). Let p,q be distinct odd primes, then

<p> ((I)_(_l)le.Lle_ —1, if bothp=q¢=3 mod 4
q p) B 1, else

Euler conjectured while Gauss proved at the age of nineteen that if a is a positive integer

and p is an odd prime with @ Z 0 mod p, then the value of (%) is determined by the value

a

of p modulo 4a. Namely, if p; = p» mod 4a then <p—1> = <
if py = —po mod 4a then <p£1> = <a )

P2

a

p2>. Furthermore, by symmetry,

Proof. Consider a,2a, 3a, ..., ;%1@ and reduce by subtracting multiples of p so they all lie in

the interval [—p%l, 7%1} Each of the i-a lie in some interval (0, p/2), (p/2,p), (p,3p/2), ..., ((b—

1/2)p,bp) and we only need a finite number of these intervals because b = a/2 when a is

even covers them all and b = “—;1 does when a is odd. We are not omitting any ¢ - a by

taking open intervals since none of them are multiples of p or p/2. Let i-a = r; mod p
p—1 p—1

with each r; € [—T, T] The negative r;’s come from multiples which lie in intervals

of the form ((b — 1/2)p,bp) and Gauss’ Lemma implies that (%) = (—1)”. So how many

ax satisfy that az € ((b— 1/2)p, bp) is equivalent to asking how many integers lie between
(p/2a,p/a), (3p/2a,2p/a),...,((b—1/2)p/a,bp/a), but p = r mod 4a implies p = 4ak + r
with 0 < r < 4a and the intervals become

2 % —1
<2k+i,4k+f), LA YA BN (D VSR IR CLinl LA
2a a 2a a 2a a

Since we are only interested in the parity of the number of integers between, we may reduce

the problem to the intervals (%, 5) , (;’—Z, %T) e %, %’") Now the only dependence of
whether v is even or odd is on r and a. Hence () = (%) if p; = £p, mod 4a. O
p1 P2

Now we are in position to prove Quadratic reciprocity;
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Proof. 1f p, q are distinct odd primes, then

(p) (%) , if at least one of p, ¢ are congruent to 1 mod 4

a) —(%) if bothp=¢=3 mod 4

Verifying this, if p = ¢ mod 4 then 4|p — ¢ so p = 4k + ¢ for some integer k. Now,
(0)- ) -6) G- ()
q q q q q
(B)-(59-GO-{ P
p p p ) \p (g) p=1 mod 4

k

So Euler’s conjecture implies that (%) = (5> when p = ¢ mod 4 so our result holds when

pP=4q.
Now, if p # ¢ mod 4 then p = —¢ mod 4 (i.e. p =1 and ¢ =3 mod 4 or vice versa).
So p = —¢ mod 4 meaning that 4|p + ¢ and so p = 4k — ¢. Thus,

(0)-()-()- ()=~

and we are done. O

and

With this, we can compute several Legendre symbols;

Example 3.15.
(o)~ (o) (o) - (5) (%) = (5) (G ) - v ==

4 Continued fractions

A real number o € R may be expresses as a = qg + o where ¢y € Z and o’ € (0,1). Next
write o/ = a% where a; > 1. Repeating this process on « provides a way of writing « as a
fraction (possibly continuing forever).

Example 4.1.
m = 3.1415926535... = 3 + .1415926 . ..

-3+ -
i 7.06251 . ..
1
=34+
7+ 15.9965...

1
+ 15+

1
292+1+%
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and 93 19 1 1 1
=2+ — =2+ ——=2+— =2+ —7—

A T BT FTY +1+% +1+
18

Let A,B € Z with B > 0. Euclidean algorithm gives A = Bqy + r9,0 < ry < B,
B=qgqro+r,0<r <rg,...,"h—2=qurn_1+0. So,

A o 1 1__ 1

§:%+B_%+Bﬁ

We have shown how to obtain the continued fraction when « is rational and recognized that
the continued fraction for a rational number terminates after finitely many steps. Further-
more, the converse of this is true because continued fractions which terminate can be put
over a common denominator.

4.1 Finite continued fractions

Consider a fraction of the form

. 1
G+ ———7—
¢+ QQ+”_+1#
Are there any patterns?
I g +1
o+ —=——"7,
0 1
1 1 409192 + qo + G2
qo + ={qo + =
0t gzl Nz + 1
o+ 1 - q2q3 + 1 Q0919293 + Qoq1 + g3 + q2q3 + 1
ot ——F3 " =Q =
q1+ %ﬁ q19293 + q1 + g3 19293 + q1 + g3

a3

This gives a recursion for the numerator and denominator of a continued fraction. Let
(90, q15 G2, - - -, @n] denote the numerator of the fraction so the denominator will be given by
[¢1,42, - - -, qn]. The recursion for the numerator is thus,

[QO7Q17 s 7QTL] = QO[QL s 7qn] + [q27 s 7Qn]
Note that continued fraction for a terminates if and only if « is rational.

Example 4.2.

olq1, @2, @3] + [q2, g3
0(q1lg2, gs] + [as]) + qags + 1
= qo(q1(qeq3 + 1) + q3) + qoq3 + 1
= 019293 + 9oq1 + qoq3 + G2q3 + 1

[C]m qi1, 42, C]3] =

Q'Q
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SO now we may write

1 q0,491,92, - --,4n
qo + n I = [ [ ] ]
qQ1 ot 11 41,42, ---,4n
Euler’s Rule for continued fractions is that [qo, g1, . . ., ¢n] is given as the sum of products
of ¢’s where pairs of adjacent ¢’s are omitted.

Observe

(90, 41, G2 3, Q4] = Q0q192G3qs + 929394 + Q04391 + Goq194 + Goq1q2 + o+ g4+ q2
~~ 4 ——

omit one adjacent pair omit two pairs of adjacents

and [qo, q1, 42, @3] = 90919203 + Goq1 + Qoq3 + G2q3 + 1.
This is simply proven by induction since we have the recursive formula

(90, G1s - -+ @) = QlG1, - @] + (@2, - - -, G0

Corollary 4.3.
[qo:qlv' e aQn] = [Qna S 7(11’(]0]

so that the fractions gy + ++ and q, + - L have the same numerator.
a a2+ L T n—1 An—2+ 1 T
1 _a,5 _68 1 _r,.3 _ 68 |
For example, 3 + yen 3+ 57 =57 and 5+ e 5+ 13 = 73 have the same numerator!

An application of the result is that we may now turn a backwards recursion into a
forewords recursion. That is,

[QO7Q17 cee aQn] = [qrw cee 7q17QO] = Qn[qnfla cee 7q0] + [Qn727 cee 7q0]

hence if A, = [qo, ..., qn) then A, = ¢, Ap_1+ A, for n > 2. Also the denominator is given
by B, = [q1,---,qn) = @uBn-1+ B2 for n > 2. We may also set A_; =1, A 5 = 0 so this
recursion holds for all n. The advantage now is that extending a continued fraction by one
extra partial quotient no longer requires redoing the entire thing from the bottom!
Let o = qo + ﬁ. The m!" partial quotient (m < n) for « is given by
a2+ T

Ttan

Am [q()v qi - - - 7Qm]

Bm [q17"'7Q’m] '

Example 4.4. Find the continued fraction for 2 and find all of its partial quotients (i.e.

123
it’s convergence).
First, the Euclidean algorithm gives

4321 = 35-123 4+ 16
123=7-16+11

16=1-11+5
11=2-5+41
5=5-14+0
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i 4321 16 1
S 354 =354+ = =35+

123 123 T+ 1 T+
2+

Now, the sort way to find the partial quotients is via the following table;

’ n ‘ dn ‘ An = QnAn—l + An—Q Bn - Qan—l + Bn—2 Zo

By
27 - 0 1 -
1 - 1 0 -
035 35 1 35
1] 7 246 7 2467
2 | 1| 1(246) + 35 = 281 8 281/8
3| 2 | 2(281) + 246= 808 2(8) 4+ 7 = 23 808,/23
4| 5 |5(808) + 281 = 4321 | 5(23) + 8 =123 | 4321/123

Lemma 4.5.

B_m Bm—l B BmBm—l BmBm—l

That is, they alternate in sign.

Am Amfl o BmflAm +Amlem o (_1)m

Proof. By induction, when m = —1 we have A 1B_y— A 3B ; =1-1—0-0= (—1)? which
is good. Assuming now that the result holds for m — 1 and considering the m' case (m > 0),
then

AmBm—lAm—le - <QmAm—1 + Am—Q)Bm—l - Am—l(QmBm—l + Bm—2)
= Am72Bm71 - Amlemf2
= _(Am—le—2 - Am—ZBm—l) = (_1)m—1.

Corollary 4.6. g—: is in reduced form. That is ged(A,, Byn) = 1.

Proof. Let ged(A,, By,) = d > 1 and we have A,,,B,,_1 — App_1Bm = (=1)™"L. Since d|A4,,
and d|B,, then d|A,,B;-1 — Apm_1Bym = (—1)™"! implying d = 1. O

4.2 Infinite continued fractions

Let a € R\Q (i.e. « is irrational). The procedure oo = qo + o% with ¢o € Z and «; > 1 can
be repeated on «; and yields a continued fraction for a. After n 4 1 repetitions of this, one

will have 1
o =qo+ 1
¢ + o — T ——

qn+7an+l

and never terminates. That is to say a,1 # 0 since « is irrational. Note that for rationals

Q1 = 00. So in this case we write a = 0,01, 1] o ore
[(11,(]2,---,(1n,an+1}

[90:Q1s - - - Gns Ons1] = 1 Ay + Ay and g, - - -, oy Q1] = 1 By + B
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and so we could also write

o an+1An + An—l
an—l—an + Bn—l '

Question: How well do convergents % A approxnnate a? Equivalently, how small is ‘a — ‘g: ?
Theorem 4.7. ’oz — g—: < Bﬂ%ﬂﬂ for all n > 0. Furthermore, this implies ‘ gz

n — 0o because B, is a monotonically increasing sequence of integers (B, = ¢nBn_1+Bn_2 >

Bn_1 ).
Proof. Consider the difference
An an—i—lAn + An—l An

‘T B, B Qny1Bn + Bra B,
_ apBaAn+ Ay 1By — an 1 An By — AnBr
B B(pi1By + Bn1)
(e
B(ap1Bn + Bh_1)
_
B(Gni1Bn + Bn1)
_ =)t
B.Byi1
where the inequality holds because o, 11 = ¢ui1 + = > ¢ny1 and this yields the desired
result. H

Another important observation to make is that the sequence given by ‘a — % is mono-

tonically decreasing. Continued fractions provide best approximations of irrational numbers
in the sense that if A" is the n'" convergent to «, then any other ¢ 7 € Q which is closer to a
must have b > B, (1 e. larger denominator).

An application of this answers the question “Why are there 12 notes to an octave?”
There are 3 constraints here.

1. Desire to modulate (i.e. transpose ratio between successive is constant, say r),

2. Must capture an octave,

3. Want to capture a perfect

This mean we want r¢ = 3 for some a € Z. This 1mphei 2“/ ¥ = 3/2 which can’t
be done because this is 2% = (3/2) so 297F = 3% and violates prime factorization. We
should thus find ratios a/k such that 2¢/* ~ 3/2. Examine 2° = 3/2 whose solution is
x = logy(3/2) = 0.5849625... and is irrational. Finding rational numbers close to x using con-
tinued fractions (since they give the best approximations). We find that x = 0+ o L

5th

1++1
24— 1
2437

and convergents are 0,1,1/2,3/5,7/12,24/41 which suggests a 12 note octave with a perfect

31 do not understand any of this
why?
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fifth approximated. So 27/? ~ 1.498307 and approximates a perfect fifth within 2% of a
semitone.

Theorem 4.8. Continued fractions give best approzimation to real numbers. That is, if

Ay
B"L

a € R and g—: is the n'" convergent then ‘a — %| < ’04 — implies b > B,,.

Proof. Even convergence are increasing and odd convergence are decreasing (because of the
(—1)™ found in the differences). Suppose that n is even and that a/b € Q were closer to a.

Then a/b € <g—:,a+a— g—z> C <A" A"‘1>. Now,

B_n’ Bpn-1

A,1  a N a A\ [(An A\ (1) 1
Bn—l b b Bn B Bn—l Bn B Ban—l B Ban—l

since n is even. This implies (expanding the left hand side) that

bA,_1 —aB,_1 n aB, — Ayb 1
bB, bB,  B.B,_.
Hence, then
1 1 1
+ <
bB,_1 bB, — B,B,_1
which implies b > B,, + B,_1 > B,, as claimed. O

4.2.1 Periodic continued fractions

Let us begin with an example,

- 1 14 1 10 + 3
o = —_= —_=
1+2+*11T [e%

This yields the quadratic equation for a given by 7a? — 8a — 3 = 0 and so implies a =

—4i}/§, but a > 1 so we take av = @. Also, we may write o = % which implies
o = olL23]+[1.2)
T al2,3]42]

. . A A, . . .
Notice, in general that o = 2ztldntina1 414 is purely periodic when a = a,,.; for some
! aBn+Bn_1 n+

n 4+ 1. In the case of pure periodicity, then « satisfies a quadratic equation with integer

coefficients. For example, from above %g = %, % = %, %; = % implying that a = % =
10043

Ta+2 °

Theorem 4.9. o periodic implies that o, 11 = o eventually.

Definition 4.10. 1. « is called a quadratic irrational if it is an irrational root of a

quadratic equation with integer coefficients (i.e. aa® + ba + ¢ = 0 for a,b, ¢ € Z)

2. If a is a root of ax? + bx + ¢ = 0 then its conjugate, denoted by o is the other root.

27



3. A quadratic irrational is called reduced if o > 1 and its conjugate satisfies —1 < o/ < 0.
Theorem 4.11. « has a purely periodic continued fraction if and only if o is reduced.

Proof Suppose first that a has a purely periodic continued fraction so that o = ¢y +

An+A
ps T = ZB I B L which give a quadratic irrational (we know it irrational since the
1+ n

.+ 1 T
an+g
continued fraction doesn’t terminate). Consider 8 obtained by reversing the period of a.

That is,

5:(]_'_ 1 _ [qn>"'7q07ﬁ] _ B[Qn77q0]+[QH77Q1] _ BAn—i_Bn
" anl—i_; [Qn—la"'aquﬂ] B[Qn—la"'a(JO] + [Qn—la"'>q1] /BAn—1+Bn—l
: 1
.+lI0+%
So, a, [ satisfy a = agZigz 1,/3 % which are equivalent to

B,a? + (B, —A)a—A, 1 =0
and
An—162 + (Bn—l - An)ﬂ - Bn =0

multiplying the second equation by E_% then becomes

() a0 () -

meaning that o and —1/f are conjugates (i.e. distinct roots of the same quadratic equation).
Now, 8 =q, + i > @, > 1 implies —1 < —1/8 < 0 so « is reduced.

Conversely, suppose « is reduced so that it is a quadratic irrational with o > 1 and
o € (—=1,0). More precisely this means aa® + ba + ¢ = 0 for some a,b,c € Z so that

a = = V;f"mc = PBE. So D = b? — 4ac is square free and positive, P = —b and Q = 2a
while o/ = %ﬁ.

Lemma 4.12. o reduced implies
(i) Both P,Q > 0,
(ii) Q|P?> — D, and
(iii) P < /D,Q < 2v/D.

proof: For (ii), observe P? — D = b? — b* + 4ac = 4ac = 2a - 2c and Q = 2a. For (i)

Q@ > 0 by assumption and o > 1,¢o’ > —1 means a + o > 0 which means % >0so P >0

since Q > 0. Finally, for (iii) a > 1 so % > 1 which implies Q < P+ v/D < 2v/D since
P < /D because o = %ﬁ < 0 meaning P < v/D.
As second lemma states;

Lemma 4.13. Consider the continued fraction from the algorithm o = qo—l—ai1 where qq s the

Py\VD
Q1

integer part of a. If a is reduced then so is a. Furthermore, oy takes the form oy =
for the same D as o and Py, Q4 € Z.
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proof: Let a = qo + a% so that a; = a — ¢y = PB/E —qo = W. Declare that
Q

—Pi+VD"

P+vD P ++vVD

Q . (—Pl . \/5) 41 \/_ o 1 \/_

“PE-D - DI} e

since D — P2 =D — P? — 2PQqy + Q%qo so Q|D — P} and Q; € Z.
Apparently this is the end of the proof. m

—P, = P — Qqp so to say a; = Simplifying this gives

An application of this is to provide a continued fraction for vV N € N\{perfect squares}.
Claim: N + gg where ¢y = |V N| is purely periodic.

Proof. 1. /N + qq is a quadratic irrational since &« = v/N + gy which implies (a—qo)*=N
so that a? — 2o + g2 — N = 0.
2. VN + ¢y > 1
3.q0 — V'N € (0,1) since qq

= |V/N| which implies VN € (go,q + 1) and —V/N €
(=0 — 1, —qo) so that —v/N + g € (

—1,0). O

4.3 Pell’s equations

These come up when trying to find units in real quadratic fields. Let N be a positive integer
which is not a square. Pell’s equation is

? — Ny? = 1.
and we wish to find positive integer solutions x,y € Z to the equation 1 = (z — V/Ny)(z +
v/ Ny). This implies
x 1 1 1

(5 N \/N> T Y@t VNy)  y(/Ny+V/Ny)  22VN

where the inequality holds since 2% = Ny? + 1 > Ny? so 2 > v/ Ny.
So a pair of integer solutions to 22 — Ny? = 1 give an approximation to v/ N. Namely

% — VN ’ < WN which beats the typical convergent to v N by quite a bit. We learned
that continued fractions give best approximations to reals. This suggests looking at the
continued fraction for v/ N, but only certain types of convergence will give this tight of an

approximation.

1 Ap An—i
Consider A

(the two convergence that appear before the 2¢gy term)

VN:qO?QlaQQ?"qu)qu

_ an+1An + An—l o _ 2q + 1
an+an + Bn—l’ n+1 0 ¢+ 1

(\/N + QO)An + Anfl
(\/N + QO)Bn + Bn—l
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This implies NB,, + (qo B, + Bn_l)\/ﬁ = oA, + A,_1 + A,V/N and comparing coefficients
gives NB,, = qoA, + A,_1 and A,, = qoB, + B,,_1 meaning A,_1 = NB, — qA,, and B,,_| =
A,—qyB,. Now, A, B, 1—Bn,A,_1 = (—1)""'so A,(A4,—qBn)—Bn,(NB,—qA,) = (—1)"!
and hence

A2 NB? = (—1) .

So when n is odd, this is a solution to Pell’s equations. If n is even, we go up by n + 1

A .
convergence to #ﬁ, ’g—;" and the proof is the same. In general we get
n n

Ain+k71 - NB,%nJrkil — (_1)kn+k72

and kn+k—2=k(n+1) =0 mod 2 if and only if n is odd or k is even.

5 Partitions

How many ways can we add up to an integer from a given set? Some classical problems
involving this are sums of positive integers, sums of squares, cubes, etc. and the Goldbach
conjecture about sums of primes.

An easy problem; how many ways are there to add to n € N using positive integers where
the order is taken into consideration? Place n dots on the page in a row, there are 2"~ ways
to insert a barrier or not between each of these dots. This is equivalent to partitioning n
into a sum of positive integers where order counts. Hence ¢(n), the number of ways to write
n as a sum of positive integers, is 2771

If order doesn’t count, then c¢(n) = [z"][[;»,(1 — 2")~'. The following result relates
partitions to pentagonal numbers. -

Theorem 5.1 (Euler’s Pentagonal Number Theorem).

o0 ) [

H(l - ﬂin) _ Z (—1)kl‘w(n) =1+ ZOO(—l)k(IL’k(gk+l)/2 + xkz(Sk—l)/Z)
n=1 k=—o00 k=1
_ 3n%-n
where w(n) = =5 > 0 are called pentagonal numbers.
1
Hardy and Littlewood show using [],»,(1 — 2)~" = Y p(n)z™ with p(n) =~ %.

Ramanujan wrote, with ¢ = ™ and A(z) = ¢[[7(1 — ¢™)** = >_°7, 7(n)q™ and 7(ab) =
7(a)7(b) when a,b are coprime. Now, A(—1/z) = 2'2A(z) is the first example of an integer
weight modular form.

Let 71(n) be the number of ways of writing n € Z as a sum of k-squares (allowing
negatives and zeros). One finds that r(n) = 4(d;(n) — d3(n)) where dg(n) is the number of
divisors of n congruent to k modulo 4. Note that r3(n) > 4 if n does not have a prime of
the form 4k + 3 raised to an odd power in its prime factorization.

Furthermore,

ra(n) = Sdedv if n > 81is odd
243 4, oaa & if n > 8 is even

which implies all positive integers m can be expressed as the sum of four squares.
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Theorem 5.2 (Euler). Let p = 4k + 1 be prime. Then p can be written as the sum of
squares.

Proof. With p = 1 mod 4 the the congruence can be solved by 22 = —1 mod p for some
1<z <p.

Now, p|2? + 1 implies 22 + 1 = mp for some m € Z with 1 < m < p. If mp can be written
as the sum of two squares with 1 < m < p then there exists an r» with 1 < r < m such that
rp = 22 + y?. Repeat this process until r = 1. To demonstrate that this is true, reduce z,y
modulo m chosen to lie in the interval (—m/2,m/2). That is * = w,y = v mod m with
both —m/2 < u,v < m/2. Now u? +v? = 22 + y* = 0 mod m where u* + v? = rm for
some 1 > 0. Since m > 1 and the left hand side is positive, this furthermore means that
r # 0 because otherwise u = v = 0, m|z, m|y so m?|z? + y*> = mp but this implies m|p (a
contradiction).

Thus, u? + v? = rm with r > 1. Now,

m?2

2 2 m? | m?
u+v<4—|—4
- m

m

m<
=—<m
2

r =
SO r < m.

(mp)(rm) = (2 + 1) (u* + v*) = (2u + yv)? + (2v — yu)?

by Fibonacci. Thus, a product of squares is a sum of two squares. zu +yv = 2> +y?> =0
mod m and v — yu = xy — yr mod m meaning that m?|(xu + yv)? and m?|(zu — yu)? so
that rp = 23 + y3. ]
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